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1. MeTon KopoTauifiHOro 6aJKOBOTO CIJIaliHAa [1JIs 3iCTaBJIeHHS] KpUBUX Ta BU3HAYEHHS KyTOBUX TOYOK Ha

300pakeHHSIX

2. Corotational beam spline method for curve matching and corner point detection on images

Pedepar/anoTanis:

1. Kose1ioB [I. P. MeToz KOpOTaLiliHOTO 6aJIKOBOTO CIIJIaliHA [J1 3iCTaBJI€HHS KPUBUX Ta BU3HAYEHHS KyTOBUX TOYOK

Ha 300pakeHHsX. — KBasidikauiliHa HayKkoBa Mpals Ha IIpaBax pykonucy. Jlucepralis Ha 31,00yTTs HAYKOBOTO
CTyIleHs fokropa ¢inocodii 3a cnenjansuicTio 113 [puknanHa MatemaTuka. — HalioHanbHUI TEXHIYHUN
yHiBepcuTeT YKpainu «KuiBCbKuil NoJliTexHiYHUN iHCTUTYT iMeHi Irops Cikopcbekoro», Kuis, 2026. MeToro po6oTu €
MiJBUIIEHHS] TOYHOCTI Ta OGYUCITIOBAIbHOI e(PeKTUBHOCTI MPOIIECiB reOMETPUYHOI anpokcrumaliii, imeHrudikarii
KyTOBUX OCOOJIMBOCTE Ta 3iCTaBJIEHHS KOHTYPiB HA OCHOBI PO3POOKY Ta BIIPOBAIKEHHS METOY KOPOTaLlifftHOrO
6asikoBoro cruaiiHa. CrijiaiiHu IUPOKO 3aCTOCOBYIOThCS B CAIIP, KoMIT'toTepHil rpadiui, 06pooii 306paxkeHs i
poami3HaBaHHi 06paziB. [IpoaHasnizoBaHo KIaCHYHI Mifxony — Ky6iuHi criaiiiu, Kpusi besbe, B-crinaiinu - ta

IIOKa3aHO iX 0OMEKEHHS: JIOKaJIbHICTb /TJ100aJIbHICTh KOHTPOJIIO, CKIIAIHICTb OCATHEHHS €CTETUYHOCTI KPUBO]



(miHiMyMy iHTErpana KBajipaTa KpMBMHHU), HE3PYYHICTb rayCiBCbKOIO 3IJIA[I)KYBaHHS BUMiPSIHUMX TOYOK.
OO6rpyHTOBaHO [OLIIbHICTh PO3BUTKY 6aJIKOBUX CILJIAlHIB Ta inei Poysepa-BinbcoHa mo0 10KaJbHUX KOOPAUHAT
SIK OCHOBU HOBOT'O METO[ly — KOPOTaLiliHOro 6aJIKOBOro CIjIaiiHa. Y NepIIoMY PO3ii OOIPYHTOBAaHO aKTyaJIbHICThb
3a/1a4 reOMETPUYHOTO MOJIEJIIOBAHHS Ta 3IJ1a/I)KYBaHHS KOHTYPIB CKJIaIHOI (POpMHU, 30Kpema 7151 BiTHOBJIEHHS
¢opmu nasnis. CHopMyIbOBaHO BUMOTH [I0 SIKOCTi KDUBUX (HEMEPEPBHICTb MOXiJHUX, MOBEiHKA KPUBUHU,
eHepreTyyHi Kpurepii). [IpoanasnizoBaHo KJIaCKM4HI METOAM NOOYAOBY CILJIAMHIB i CyyacHi Mifxony [0 3icTaByleHHs
KOHTYPIiB, Ha OCHOBi 4Oro c(pOpMyJIbOBAHO 3a1a4i JOCIiIyKeHHs. Jpyruil po3is NpUCBsYEHO PO3POOIEHHIO
MaTeMaTU4HOI MOJIeJli KOPOTalifHOTO 6aJIKOBOTO CIJIaiiHA. 3alIPOIIOHOBAHO BBEJI€HHS yIaBaHUX TOYOK JIJIs
KEepOBaHOi 3MiHHU JIOKAJIbHOI KpUBMHU Ta HOBUH MifXif, 10 BUBHAYEHHSI HOPMaJIbHOTO HANIPSIMKY JedopMoBaHOi
KpuBoi. Po3po6iieHo iTepauiiHuil alropuTM po3paxyHKy CIIaiiHa. MOKJIMBOCTI METOLLy TPOIEMOHCTPOBAHO Ha
IIpUKJIagax esinca (2:1) Ta npsIMOKYTHUKA 6€3 SBHOTO 3aIaHHS KYTOBUX TOYOK, i3 IOPIiBHSHHSAM [0 NapaMeTPUYHOTO
crnaiina. PosryigHyto 3agavy Epmita (C') 4151 CMMETPUYHUX, ACUMETPUYHUX Ta HECUMETPUYHUX KOHQIrypariii i3
MOPIBHSIHHSM 110 KpUBUX be3be Ta reoOMeTPUYHO HeJiHiitHOi 6aKkuy. TpeTiii po31ia NPUCBSIYEeHO alTPOKCUMALiTHUM
BJIACTMBOCTSIM METO[y. BBeleHo KpUTepiii 365KHOCTI Ha OCHOBI BiJICTaHi MK BXiTHUMHU TOYKaMU Ta KOHTYPOM.
JocimKeHo BiIHOBJIEHHS KOJIA 32 TOUKaMU 3 BUIIQAKOBMMU BiIXMJIEHHSIMU T4 PEKOHCTPYKLIIO AyTY 33 M'ITbMa
TOYKaMH 3 TIOPiBHSIHHSIM IO BimoMuX pimens. [TokazaHO BIJIMB mapaMeTpa MoJaTJINBOCTI Ha CTabiIbHICTD
o6uucieHb. YeTBepTuil po3[ij NPUCBSIYEHO 3aCTOCYBAHHIO METOAY 10 OOPOOKYM KOHTYPiB peasibHUX 00'€KTIB.
BBeneHo afanTMBHUI NapaMeTp 3IVIaJIKYBaHHS Ta IIOHSTTS yAABaHOI KyTOBOI TOUKU. 3alIpOIIOHOBAHO KPUTEPIi
3iCTaBJIEHHS] KPUBUX 3a Pi3HUIEI0 KDUBUH Ta METOJ, BU3HAYEHHS KYTOBUX TOYOK HA OCHOBI JIOKaJIbHOI pOGOTH.
OmnucaHo MeTOo/, CKaHyBaHHS 11a3J1iB, IFTOPUTM BIIOPSIIKYBaHHS TOYOK Ta BiATBOPEHHS 300pakeHHs nazna 3 60
eJIeMeHTiB. JI0CJliZPKEHO BIIJIMB afjalITUBHOI KOPCTKOCTI Ha TOYHICTb i CTabiNbHICTh pOo3paxyHKiB. HaykoBa HOBM3HA
OJlep>KaHUX pe3yJIbTaTiB: — Yiepiue po3po6yieHO MeTo, KOPOTALiiHMX 6aJIKOBUX CIIJIAMHIB i3 BBEJJEHHSIM yAABaHUX
TOYOK Ta HOPMaJIbHUX BEKTOPIB, TIOBEPHYTUX Ha JIOKAJIbHUH KyT fedopMaliii, 1110 3BeJI0 HeJliHIAHY 3a1a4y [0
itepaniiiHoi siHiliHOI Tpoueaypu Ta 3ab6e3rednsio NoodyLoBy KpUBoi y GopMi KiIoToinu. — Yepile 3a1poroHOBaHO
METOJ aJalITUBHOTO 3TJ1a)KyBaHHS apTe(aKTiB HA OCHOBI MOZeJIi 6a/Iku y IPYKHOMY CepeloBuUIi 3 KoedillieHTOM
3B'SI3Ky OIIOP, 3aJIe)KHUM BiJl BiICTaHi MiX By3jlamu Ta napametpa hot, o 3a6e3neynso piBHOMipHY 3r71a1KyBaHICTb
KOHTYpY. — YIOCKOHaJIeHO ifeHTuPikaliiio KyTOBUX TOUOK 3aBISIKM KPUTEPIIO «JIOKaIbHOI pOOOTH» Ta MTOHSTTIO
«KyTOBOI y/1aBaHOi TOYKM» 3 JOIIYCKOM PO3PUBY KyTa 32 HYJIbOBUX MOMEHTIB. — OTPUMAJIO N1OJAbIINI PO3BUTOK
OLIiHIOBAHHS CXOXOCTi KDUBUX YEPE3 METPUKY «B3aEMHOI €HEPTii» JIs1 4OCTOBIPHOTO 3iCTABJIEHHS 3ALIYMJIEHUX
KOHTYPpiB. [IpakTuyHe 3HaUYEHHS OJlep>KaHMX Pe3ysbTariB: — Po3pobsieHo 30DKHU iTepalliiHnil aJIrOPUTM IIO0YL0BU
CIIJIaMHIB, 110 TIOEIHYE 3IJIaJKyBaHHS 3alllyMJIEHUX JTAHUX i3 36epe’KeHHsIM KYTiB 6e3 repernapameTpusallii KpuBoi.
- CTBOpPEHO aNropuTMidHe 3a6e3nedeHHs s ineHTugikalii KyToBMX TOYOK Ha 300pPKEHHSIX: KDUTEPIil «JI0OKaIbHOI
po6oTn» 3a6e3neynB 8-30-KpaTHE 3HIKEHHS eHEPreTUYHOro (PyHKIiOHaIy B KYTOBUX TOYKax npoTtu 10-30% Ha
IJIAJKUX JinsHKaxX. — Po3po6ieHo MeTOnMKY 3iCTaBIeHHS KPUBOJIiHITHUX 00'€KTIB 32 METPUKOIO «B3a€EMHOI €Heprii»
ta I13 pnis ineHTHdikanii 06'eKTiB 32 Me>XeI0 MPY HUBbKIN SIKOCTi oudpyBaHHS 6€3 BUTPATHUX [1€PEOOPHUX
cTpareriii. — Pe3ynbTaTy BIpOBaAKeHO 3a goropopom N2 IHIY /05.02 /267 /24 Bin 26.12.2024 p. «JIIPA CAIIP». -
PesyznbTaTu BIIPOBAIpKEHO B OCBITHI nponec Kadenpu npuxianHoi matematrku KI1I im. Iropst Cikopcpkoro B Kypci
«'eomeTpuuHe mogenoBaHHs» AJjs MarictpiB OHIT «MamuHHe HaBYaHHS Ta MAaTEMATUYHE MOJEJIIOBaHHS», CIIel,

F1 IlpuknagHa MaTeMaTtuka.

2. Koltsov D. R. Corotational beam spline method for curve matching and corner point detection on images. -
Qualifying scientific work as a manuscript. Dissertation for the degree of Doctor of Philosophy in specialty 113
Applied Mathematics. - National Technical University of Ukraine "Igor Sikorsky Kyiv Polytechnic Institute", Kyiv,
2026. The aim of this work is to improve the accuracy and computational efficiency of geometric approximation,
corner feature identification, and contour matching through the development and implementation of the
corotational beam spline method. Splines are widely used in CAD, computer graphics, image processing and
pattern recognition. Classical approaches - cubic splines, Bezier curves, B-splines - are analysed, showing their
limitations: local /global control trade-offs, difficulty achieving aesthetic curves (minimum integral of squared
curvature), and inconvenient Gaussian smoothing of measured points. The relevance of developing beam splines



and the Fowler-Wilson idea of local coordinates as a foundation for a new method - the corotational beam spline -
is justified. The first chapter substantiates the relevance of geometric modelling and smoothing of complex-shaped
contours, in particular for puzzle shape recovery. Requirements for curve quality are formulated (derivative
continuity, curvature behaviour, energy criteria). Classical spline construction methods and modern approaches to
contour matching are analysed, forming the basis for the research problem statement. The second chapter
develops the mathematical model of the corotational beam spline. Dummy points are introduced for controlled
variation of local curvature, along with a new approach to determining the normal direction of the deformed
curve. An iterative computation algorithm is developed. The method's capabilities are demonstrated on an ellipse
(2:1) and a rectangle without explicit corner points, compared with a parametric spline. The Hermite (C') problem is
considered for symmetric, asymmetric and non-symmetric configurations, compared with Bezier curves and a
geometrically nonlinear beam model. The third chapter addresses the approximation properties of the method. A
convergence criterion based on distance between input points and the contour is introduced. Circle recovery from
points with random deviations and arc reconstruction from five points are investigated, compared with known
solutions. The influence of the compliance parameter on computational stability is shown. The fourth chapter
applies the method to processing real-object contours. An adaptive smoothing parameter and the concept of a
dummy corner point are introduced. Curve matching criteria based on curvature differences and a corner-point
detection method based on local work are proposed. A puzzle scanning method, a point-ordering algorithm, and
reconstruction of a 60-piece puzzle image are described. The effect of adaptive stiffness on accuracy and
computational stability is examined. Scientific novelty of the results: - For the first time, the corotational beam
spline method is developed, introducing dummy points and normal vectors rotated by the local deformation angle,
reducing the nonlinear problem to an iterative linear procedure and ensuring a curve in the form of a clothoid. -
For the first time, a method of adaptive artefact smoothing based on a beam-on-elastic-foundation model is
proposed, with a support coupling coefficient depending on inter-nodal distance and a parameter ho*, ensuring
uniform contour smoothing. - Corner point identification is improved via a "local work" criterion and a "corner
dummy point" concept allowing angle discontinuity at zero moments. - Curve similarity assessment is further
developed through a "mutual energy" metric for reliable matching of noisy contours. Practical significance of the
results: — A convergent iterative spline construction algorithm is developed, combining noisy-data smoothing with
preservation of corners without curve reparametrization. - Algorithmic tools for corner point identification in
images are created: the "local work" criterion provided an 8-30-fold reduction of the energy functional at corner
points versus 10-30% for smooth segments. - A methodology for matching curvilinear objects via the "mutual
energy" metric is developed, along with software for object identification by boundary under low-quality
digitization, avoiding costly exhaustive search strategies. - Results were implemented under contract No.
DNDCh/05.02/267/24 dated 26.12.2024 ("LIRA SAPR" LLC). - Results were implemented in the educational process
of the Department of Applied Mathematics, Igor Sikorsky Kyiv Polytechnic Institute, in the "Geometric Modelling"
course for master's students of the "Machine Learning and Mathematical Modelling" program, specialty F1 Applied
Mathematics.
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