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V. BimomocTi npo guceprauiio

Mosga guceprarii:

Koau TemaTHYHHUX PYOpPHK: 27.19

Tema gucepranii:

1. dyHKUii 3 KDUTUYHUMH TOYKAMHU Ha MeXXi MaJlOBUMipHUX MHOTOBU/IIB

2. Functions with critical points on the boundary of low-dimensional manifolds

Pedepar:

1. PesysbTaty, OTpUMaHi y fucepTalii, IpUcBsYeHi BUBYEHHIO JIOKAIbHOI Ta I7100a/1bHOI Kilacuikaliil riagkux
(YHKIi 3 i30J1bOBAHUMU (HEBUPOKEHUMM) KDUTUUHUMU TOUKaMM HAa MHOTOBUAX 3 MEXEI0, & TAKOX
nedopmMaliiil 3arajbHOTO MOJIOXKEHHS TaKUX PYHKLIN. [lepmum po3riasiHyTUM Ki1acoMm GyHKLIN € pyHKLii Mopca,
3af]aHi Ha TJIAJJKUX MHOTOBUAX 3 MEXeI0, BCi KpUTUYHI TOYKU SIKMX HaJIeXXaTh MeXi i BiiTIOBiAHI 0OMeskeHHs Ha
MEXy € TaKoX € QyHKLisiMu Mopca (Tak 3BaHi mm-QyHKii). 715 nux QyHKLi OTPMMaHO JIOKaJIbHE 300Pa>KEHHS B
OKOJIi KpUTUYHOI TOYKY Y BUTJISILi KBQAPATUYHOTO MHOTOYJIeHA. [I71s1 mpoCTUX Mm-(QYyHKIi Ha MOBEPXHSX ONKUCAHO
MOXJIMBI aTomu i f-aTomu, 1o6y1O0BaHO YMOBU MiHIMaIBHOCTI YncC/Ia 0COBJIMBOCTEN Y IIbOMY Kilaci PyHKLIN i
3HalZieHo HeoOXiHI yMOBU IIPOJOBXKEHHS IpocToi PyHKLii Mopca, 3aaHoi Ha MeXXi opieHToBaHOi IOBEPXHI, 1O
IIPOCTOi ONTUMAaJIBHOI MM-(YHKLii Ha BCill NOBEPXHi. [HINM pO3IJISIHYTUM KJIACOM € IIPOCTi QYHKILIi 3
HEBUPO)XEHMMU OCOOJIMBOCTSIMMU (SIK BHYTPIlIHIMH, TaK i Ha Me3i) Ha KOMIIAKTHill OPi€HTOBaHIl 0-BEPXHI.

[TokazaHo iXHIO TOIOJIOTIYHY €KBiBaJI€HTHICTh M-(PYHKLisSIM I T0OY0BAaHO KOMOIHATOPHUM iHBapiaHT 1S



[IOIIapPOBO OCHAaIIeHoi Kacuikariii 3i 36epeskeHHSIM opieHTalii moBepxHi y dopmi ocHameHoro rpada Kponpoga-
Pi6a. Takosk onucaHo BCi IPOCTi aTOMU Ta BUBeneHO (PopMyJly 171l 3HaXOKEHHS POy [I0BEPXHI 3a BiATIOBITHUM
ocHameHuM KR-rpagom. ¥ npocropax onucanux Bule QyHKIii, a TakoxX 17151 QyHKILiE Mopca Ha 3aMKHEHUX
[IOBEPXHSIX OTPMMAHO KPUTEPil iCHyBaHHs Aedopmallii 3arajbHOro MOJIOKEHHS (PYHKLiN, BAKOPUCTOBYIOUY [1JIS
uporo nedopmariii BigmosinHux ocHameHux rpadis Kpoupoga-Piba (o dynkuiit Mopca ocHamenuit KR-rpad
rpadom Kponpopa-Piba y 3BryaiiHoMy ceHci). Takok onucaHo 3B'S130K MixK ONTUMAaJIbHICTIO i OJISIPHICTIO 117151
KOXKHOTO i3 KJlaciB PyHKIil, 3a1aHUX Ha [IaJIKill KOMIIAKTHil OpPieHTOBaHiN IOBEPXHI 3i 3B'13HOI0 MEKEI0 (MOXXJINBO
NOPOXHBOI0). OCTaHHIM y gucepTalii po3IJIsiHYTO NPOCTi PYHKLIi, BCi KpUTUYHI TOYKH SIKUX € i30JIbOBaHi, HajeXaTb
MeXi I MHOKMHU 0CO0JIMBOCTeN (PYHKILII i BiIIIOBIZHOr0 0OMEXKEeHHS Ha MeXy 36iraioTbcsi. OTpUMaHO JIOKAJIbHY
TONOJIOTIYHY Kjlacu@ikaliilo Takux PyHKLiNA. Takox onucaHo aToMH, IOOYA0BaHO KPUTEPill ONTUMAaIbHOCTI 1
[IOBHUI TOIOJIOTIYHMM iHBApiaHT [JIs1 ONTUMAaIbHUI (YHKIHM LbOro Kj1acy y GopMi XOpIoBoi Aiarpamu CifjioBoro

KPUTUYHOTO PiBHA.

2. The results, obtained in this dissertation, are devoted to the study of local and global classifications of smooth
functions with isolated (non-degenerate) critical points on manifolds with the boundary, and also the deformations
in general po-sition of such functions are advised. The first considered functions class consists of Morse functions,
defined on smooth manifolds with the boundary, all critical points of which belong to the boundary, and
correspondent functions restriction are also Morse functions (namely mm-functions). It is obtained for these
functions the local presentation about a critical point in the special form of the quadratic polynomial. In the case of
simple mm-functions on the surface, we describe all possible atom and f-atoms. In addition, it is constructed the
conditions of minimization of singularities number in this functions class and founded the necessary conditions of
continuation of simple Morse function, defined on the oriented surface boundary, to the simple optimal mm-
function being defined on the whole surface. Another researched functions class includes functions with non-
degenerate singularities (either inner or boundary) being defined on the compact oriented surface. It is proved
their topological equivalence to m-functions and constructed the combinatorial invariant in the form of equipped
Kronrod-Reeb graph for further layer equipped equivalence. Furthermore, we illustrate all simple atoms and
deduce the formula for surface gender, using for it the information obtained from the equipped KR-graph. Another
investigation direction is deformations in the general position of either one of the above-described functions class
or of Morse functions class defined on closed surfaces. These deformations were described in the context of
deformations of correspondent Kronrod-Reeb graphs (in the case of Morse function the equipped KR-graph is
Reeb graph in the usual sense). In addition to this, we procure the connections between optimality and polarity
each of func-tions classes defined on a smooth compact oriented surface with the connected boundary (the
boundary allows to be empty). The last considered in the thesis functions class consists of simple functions, all
critical points of which are isolated, belong to the boundary, and the sets of function singularities and singularities
of function restriction coincide. It is obtained their local topological classification, described atoms, and
constructed optimality criterion. Subsequently, we investigate the full topological invariant for such functions
being also optimal in the form of the chord diagram of saddle critical point.
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