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Pedepar:

1. MeTor0 mocimKeHHs nyucepTaliiiHoi po60TH € po3pobka MeToy obepHeHoi 3a1ayi poscitoBaHHs y popmi 3amayi
Pimana-Tinv6epra (PT) nyig mogudikosanoro piBHsiHHS Kamaccu-Xonbpma (MKX) m_t +(u”™2-u_x"2)m_x = 0, m=u-
u_{xx}, 3 IOAA/IBIIOI0 METOIO JOCJiIP)KEHHS BIACTUBOCTE PO3B'SI3KiB 1IbOTO PiBHSIHHS, 30KPEMa, ACUMITOTUKY 32
BEJIMKMM YacOM. XapaKTepHOI0 0COOIMBICTIO 3a7a4 Ko, SIKi po3risgaoThes A4J1 LbOro PiBHSHHS, € HEHYJIbOBI
YMOBHU Ha [IOBEJIiHKY PO3B’513KY, KOJIM IIPOCTOPOBA 3MiHHA X NIPSIMY€ 10 HecKiHueHHOCTi. PiBHSIHHS MKX €
Mopu@ikartiero, 3 Ky6iYHOIO HEJIiHINMHICTIO, OpUTiHaIbHOTO piBHSAHHS Kamaccu-Xosnbma (KX); BoHO, 5K i piBHAHHS KX,
€ iHTerPOBHUM y TOMY CEHCI, 10 BOHO € YMOBOIO CYyMiCHOCTI Napu JliHiHUX qudepeHLiabHUX PiBHSIHb (1apu

Jlakca). 3aBOsSKy HEHYIbOBOMY (POHY, X-PiBHSIHHS 3 Mapu Jlakca MO>KHA PO3IJISAATH SIK CIIEKTPAJIbHY 3a7auy, sKa



Mae HernepepBHuUii criekTp. Lle no3Bossie chopmymoBatu 06epHEHY 3a5jady po3citoBaHHS SIK 3anady PI' aHanmiTHIHOi
daxTopusalii y KOMIIJIEKCHIH IIJIOMMHI CIIEKTPaJIbHOTO NapameTpa. Y po3fisi 2 posrisnaersces 3anada Komi aiis
piBHsiHHS MKX 3a yMOB, 110 pO3B’I30K Npsimye 1o 1 koiu |x| 0. [lns uiei 3agadi po3podseHo popmainism 3agadi PT,
AKUI TPYHTYETHCS HA afIANTallii 3arajbHOi iflei — BUKOPUCTaHHS CIIel[ialbHUX PO3B SI3KiB (PO3B A3KiB VlocTa) PiBHAHD
napu Jlakca sik «6JI0KiB» 117151 TOOYI0BM MaTpU4HOi 3aaa4i PI' — 1o Bunazaxy piBHsHHS MKX, 3 ypaxyBaHHSIM
0CO6IMBOCTEN PiBHSIHB Napu Jlakca, acolifioBaHOi 3 ITUM PiBHSHHSM. X-PiBHSIHHS napu Jlakca njis piBHSIHHS MKX,
BiZJOMOI B JliTepaTypi, sIK ClleKTpaJibHA 3a/a4a 3i CIIeKTpaJbHUM I1apaMeTpPOM O Mae JBi 0COOJINBOCTI, 110 CYyTTEBO
BIUIMBAIOTh HA AHAJIITMYHI BJIACTUBOCTI PO3B'A3KiB MocTa, a caMe: (a) 0 BXOAUTD Y MaTPUIO KOEDIllieHTIB SIK 106y TOK
3 «MOMEHTOM» M(X,t), AKUI y paMKax o6epHeHO] 331a4i € HeBinoMolo QyHKIIi€; (6) Ko |x| 0%, m(X,t) IpsiMye 1o
HEeHyJbOBOI cTasoi. 1]i 0co6aMBOCTI BIJIMBAIOTh HA PO6GJIEMY KOHTPOJIIO IIOBEJiHKY PO3B'sI3KiB Mocta, ko o oo, s
BUpilleHHs Liei npo6semy, (i) 3aCTOCOBYIOUM KaliOpyBasbHi IEPETBOPEHHS, PiBHSIHHSA napu Jlakca
TpaHCcHOPMOBAHO 110 (PopMH, Y SIKill liarOHaJIbHI YWIeHU JOMiHYIOTb, KOJIY O 0¢0; (ii) BBE[IEHO HOBY IPOCTOPOBY 3MiHHY,
11O JIO3BOJISiE OTPUMATH SIBHUI ONMC MOBEIHKY PO3B'A3KiB MlocTa npu 0 0oo; (iii) BBEI€HO HOBUIA CTIEKTPAJIbHUIA
napaMerTp |, 0 03BOJIsl€ YHUKHYTH HepalioHalIbHOI 3aJ1eXKHOCTI KoedilieHTiB y piBHSIHHAX napu Jlakca Bif,
CIIEKTPaJIbHOTO NapaMeTpa. 3 BUKOPUCTAHHSIM PO3p0o06JIeHOro popmMaiamy, OTPUMAHO NapaMeTpUiHe 300paKeHHS
po3B’a3Ky 3anayvi Kouri B TepmiHax po3B’si3ky acouiiioBaHoi 3anadi PI' (mani 47151 s1K0i BU3HAYAI0THCS IOYATKOBUMU
IAQHMMM), aHai3y04u ioro noseinky npu o o 0. 3anponoHoBaHui GopMaism JO3BOJIUB OXapaKTEPU3YBaTH SIK
PEryJIsIpHi, TaK i HEPeryJsipHi OGHOCOJIITOHHI PO3B'I3KY, 110 BiANOBiNA0Th 3aga4am PI' 3 TpuBiabHUMU YMOBaMU
cTpubKa Ta BiMOBIJHUM YMHOM 33JaHIMU YMOBaMU Ha JIMLIKU. 30KPEMa, 0XapaKTepPU30BAHO /1B TUMU
HeperyJsipHUX COJITOHHUX PO3B'a3KiB piBHsIHHS MKX: (i) po3B's13KU MIKOHHOTO TUILY, 5IKi € QYHKLisIMHY,
HelepEPBHUMH Pa3oM i3 IEPILIOIO NOXiJHOI0, ajle MaloTh HeOOMe KeHi IOXiHI OPSIKiB 6ifbIINX 32 2 Y TOYL] MiKY;
(i) meTnenoni6Hi 6araTo3HayHi po3B’sa3Kku. Y po3fini 3, BUKOPUCTOBYIOUU (pOopMai3m, po3pobaeHnid Y po3aii 2,
OTPUMAaHO I'OJIOBHI YI€HU aCHMIITOTUKY 32 BEJIMKUM YacoM t 1Jis1 po3B’si3Ky 3anadi Koumi aist piBHsHHS MKX Ha
CTaJIoMy HeHyJIbOBOMY (oOHi. JlocimkeHHs 30cepeKeHe Ha 6e3ColiTOHHOMY BUNaaKy. [lonepeaHbo, BUXiIHY
3apauy PT', acouiitoBany 3 piBHsIHHIM MKX, sika Mae crienu(idHi CUHTYJISIPHOCTI, 3B€1€HO [0 peryssipHoi 3apayi PT,
TOOTO TAKOI, 1[0 Ma€ TiJIbKU YMOBY CTpUOKa Ta yMOBY HOpMyBaHHsL. Jlajii, po3B’130K OTPMMAHO]I peryJsisipHoi 3agadi
PI" mpoaHani3oBaHO aCUMIITOTUYHO NPU t 0%, 3 BUKOPUCTAHHSIM BiJI[IOBiIHOI afanTalii HeJIiHiIHHOTO METOAY
HaMCKOPIIIOro CIycKy. Y HiflCyMKy, OTPUMaHO rOJIOBHI aCUMIITOTUYHI YJI€HU [J1s1 pPO3B'I3Ky u(X,t) 3amaui Kol y Thx
CEKTOpax MiBIJIOWUHH (X,t), e BiAXUJIE€HH Bifj POHY € HETpUBiaJIbHUM. Y po31isi 4 po3rngnaeTses 3agada Komi
17151 piBHsHHSA MKX 32 yMOB, 1110 PO3B’SI30K IIPSIMYE [10 IBOX Pi3HMX KOHCTAHT KOJIM X O+ . [ly1s 11iei 3amadi TakoxX
po3pobieHo popmaniam 3anayi PI'. [171s1 11bOro BUKOHAHO NEepEeTBOPEHHS PiBHIHD Mapu Jlakca, siki J03BOJISIOTh
IleTajbHO NOCAITUTY aHAiTUYHI BJIACTUBOCTI BiATIOBIIHUX PO3B’SI3KiB Mocra Ta CIIEKTPJIbHUX (PYHKLIiN, 30KpEMA,
cuMeTpii Ta MOBEeMiHKY B TOUKax pO3raiay>KeHHs. [1o[1i6HO 10 BUNAAKY 3 MOCTIHUM (POHOM, OTPUMAHO

napaMeTpruyHe 300pa’keHHsI po3B's13Ky 3aaa4i Komi.

2. The aim of this thesis is to develop the Inverse Scattering Transform method, in the form of the Riemann-Hilbert
(RHP), for the modified Camassa-Holm equation (mCH) m_t +(u”™2-u_x"2)m_x = 0, m=u-u_{xx}, with the further
aim of studying the properties of solutions to this equation, in particular, the large time asymptotics. A
characteristic feature of the Cauchy problems considered for this equation is the non-zero conditions on the
behavior of the solution when the spatial variable x tends to infinity. The mCH equation is a modification, with
cubic nonlinearity, of the original Camassa-Holm (CH) equation; like the CH equation, it is integrable in the sense
that it is a condition for the compatibility of a pair of linear differential equations (Lax pair). Due to the non-zero
background, the x-equation of the Lax pair can be considered as a spectral problem with a continuous spectrum.
This makes it possible to formulate the inverse scattering problem as a RHP of analytical factorization in the
complex plane of the spectral parameter. In Section 2, we consider the Cauchy problem for the mCH equation
under the condition that the solution tends to 1 as [x| o. For this problem, a formalism of the RHP is developed,
which is based on the adaptation of the general idea of using special solutions (Jost solutions) of the Lax pair
equations as "blocks" for constructing a matrix RHP to the case of the mCH equation, taking into account the
peculiarities of the Lax pair equations associated with this equation. The x-equation of the Lax pair for the mCH



equation, known in the literature, as a spectral problem with a spectral parameter o has two features that
significantly affect the analytical properties of the Jost solutions, namely: (a) o is involved in the coefficient matrix as
a product with a "moment" m(x,t), which is an unknown function within the inverse problem; (b) when |x| oo, m(x,t)
tends to a non-zero constant. These features affect the problem of controlling the behavior of the Jost solutions as
o o%. To solve this problem, (i) by applying calibration transformations, the Lax pair equations are transformed to a
form in which the diagonal terms dominate when o o; (ii) a new spatial variable is introduced, which allows us to
obtain an explicit description of the behavior of the Jost solutions as o ne; (iii) a new spectral parameter  is
introduced, which allows avoiding the irrational dependence of the coefficients in the Lax pair equations on the
spectral parameter. Using the developed formalism, a parametric representation of the solution of the Cauchy
problem is obtained in terms of the solution of the associated RHP (the data for which are determined by the initial
data), analyzing its behavior as o o 0. The proposed formalism allows us to characterize both regular and irregular
one-soliton solutions corresponding to the RHP with trivial jump conditions and appropriately specified residue
conditions. In particular, two types of irregular soliton solutions of the mCH equation are characterized: (i)
peakon-type solutions, which are functions that are continuous with the first derivative but have unbounded
derivatives of orders greater than 2 at the peak; (ii) looped multivalued solutions. In Section 3, using the formalism
developed in Section 2, we derive the main terms of the large time asymptotic of the solution of the Cauchy
problem for the mCH equation on a constant nonzero background. The study is focused on the soliton-free case.
First, the original RHP associated with the mCH equation, which has specific singularities, is reduced to a regular
RHP, i.e., one that has only a jump condition and a normalization condition. Further, the solution of the obtained
regular RHP is analyzed asymptotically as t oo using an appropriate adaptation of the nonlinear steepest descent
method. As a result, the main asymptotic terms of the solution u(x,t) of the Cauchy problem are obtained in those
sectors of the half-plane (x,t) where the deviation from the background is non-trivial. In Section 4, we consider the
Cauchy problem for the mCH equation under the condition that the solution tends to two different constants as x
o+ . For this problem, we also develop a RHP formalism. For this purpose, we transform the Lax pair equations,
which allow us to study in detail the analytical properties of the corresponding Jost solutions and spectral
functions, in particular, symmetries and behavior at branch points. Similarly to the case of a constant background,
a parametric representation of the Cauchy problem is obtained.
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Cdepa yIIpaBJIiHHﬂ: HanjjonanbHa akageMisd HayK YKpaiHu

InenTudikarop ROR:

VIII. 3aKkJII04Hi BiZmoMOCTi

BaacHe IlpizBuie Im's [10-6aTbKOBI [llep6una Mapis BonosumupisHa
rOJIOBH pajgu

Biacue IlpizBume Im's ITo-6aThKOBI lllep6una Mapis BononumupisHa
rOJIOBYIOYOTO Ha 3acCiiaHHi

BigmoBizansHMIL 32 HiATOTOBKY Kanuuenko Onekcangp Mukosainosuy

00JIIKOBHX JOKYMEHTIB

Peectpartop YkpIHTEI



KepiBHuk Bigginy YKpIHTEI, mpo €
BiZITIOBiZaIBHUM 3a peecTpallilo HayKoBoi IOpuenko TeTsHa AHaTosiiBHA

JisiIbHOCTI




