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1. Kapesa B.B. 3amaya 3HaX01KE€HHS BEPXHbOI OL[iHKU ONTUMAJIbHOCTI [JIs1 CTPATETil pereHepaii nedinku
METOJlJaMU aJlaliTUBHOIO AMHAMIYHOTO IporpamyBaHHs. — KBasnidikaniiiHa HaykoBa npaiis Ha IpaBax pyKOIIUCY.
Juceprauis Ha 3100y TTs1 HAYKOBOro CTyIeHs fokropa ¢inocodii (PhD) 3a cneujanbhicTio 113 ITpukinagHa
MaTeMaTuKa. — XapKiBCbKUY HalliOHAJIbHUY YHiBepcuTeT iMeHi B. H. Kapasina, MiHicTepcTBa OCBiTH i HayKH
Ykpainu, Xapkis, 2025. [lucepTaliio NprucBIY€HO MaTEMAaTUYHOMY MOJIEJIIOBAaHHIO [TPOLIECIB pereHepallii ne4iHky y
BUIJISAI y3araJbHEHUX PiBHSHDb JIOTKM-BosibTeppa Ta BU3HAYEHHIO KPUTEPIiB ONTUMAIbHOCTI IJ1s1 3HAXOIPKEHHS
CTparTeriil BifHOBJIEHHS NIeYiHKU. B pucepraiii po3risiHyTO METOAM afalTUBHOTO TUHAMIYHOTO IIPOrpaMyBaHHS [IJIs
PO3B'A3aHHA 3aa4i 3HaXOKEHHS BEPXHbOI OLIIHKY ONITMMAaJIbHOCTI IS CTPATeriil perenepauii nevinkuy. Ilepmmui
PO3/iJ IPUCBAYEHU iCTOPIi BUBYEHHS NTUTaHb, PO3IVIAHYTUX B AUcepTalii. HaBogutbed ctuciaui onuc

(y1arMaHCbKUX MPOEKTIB, SIKi 6y IPUCBSIYEH] JOCTiI)KeHHIO [TeYiHKY 1 T00YJ0Bi MaTeMaTHYHUX MOJieiel [Jis Hel.



CdopmynboBaHi BioMi METOIM MOJI€TIOBAHHS 6i0JIOTiUHUX IPOLIECiB i HaBeieHi IPUKJIaaY 3 BUILle3a3HaYE€HUX
MPOeEKTiB. TakoX PO3IIATAITHCSI MOXKIIMBI MIAXOOU 10 33/1a4i ONTUMI3allii, [0 BUKOPUCTOBYIOTLCS B [IOJAJIBIIOMY.
Y npyromy po3ziji neTajbHO IPOaHali30BaHO KJIOYOBI IIPOLIECH, SIKi 3a6€311e4yI0Th pereHepallilo Ie4iHKY 32 YMOB
[TIOMIPHOT'O TOKCUYHOTO BIUIMBY Ta YaCTKOBOI rernarekToMii. JIo TakMx MpOoLECiB HajleKaTh peIuliKalisa KIiThH,
rinepruiasis, MOJIIJIOINIs, aKTHUBALlisl aHTUCTPECOBUX MEXaHI3MiB, arionTo3 i HeKpo3. KoxeH i3 Lux npoLecis
Biflirpae BaKJIMBY POJIb Y BiIlHOBJIEHHI I1€4iHKOBOI TKaHMHY, 3a0€31eYy04M aJlallTalilo 10 YIIKOIKEeHb Ta IiITPUMKY
(dyHKUioHANIBHOCTI opraHy. Ha oCcHOBI ux npoleciB po3po61eHO MaTeEMAaTUYHi PiBHSIHHS, SIKi OIUCYIOTh IUHAMIKY
pi3HUX NOMyJIALil KIITUH NeYiHKU. 30KpeMa, 6yJI0 3MOJ1€JIbOBAHO IMHAMIKY HOPMaJIbHUX IelaTOLUTIB,
MOJIIIIJIOIHUX KIIITHH, IBOSIEPHUX IeNaTOLUTIB, rinepTpoQoBaHUX KIIITHH, @ TAKOX IeraToLUTiB y CTaHi
AHTUCTPECY, alloINTO3y Ta HEKPO3y. KpiM TOr0, CTBOPEHO MaTeMaTU4YHi MOZEJI, IKi ONUCYIOTh ITPOL,ECU
IeTOKCUKalii opraHiamy, NOB's13aHi 3 €EK30T€HHUMU Ta €HIOT€HHMMY TOKCMHAaMU. Bci 1ii piBHSIHHSA O6y1u 06'eIHaHI B
y3arajbHeHy MaTeMaTU4YHy MOJIeJlb, SIKa I0JlaHa Y BUTJIS/Ii CUCTEMMU PiBHSIHD. lIg cucTema € po3MmUpEHHIM BilOMUX
Mogesel NoNyJsLiiHOI JUHAMIKY, TaKuX SIK iHTerpo-ngudepeHianbHi piBHSIHHS BonbTeppa, y3arajibHeHi piBHSIHHS
JlotTku-BosabTeppa Ta ix mogudikauii 3 3anisHinumm aprymenTamu. [1j1s1 nepeBipky KOPEKTHOCTI 3aIIPOIIOHOBAHOI
MoJeJli IPoBeNeHo ii Bepudikalilo sIK [J151 KOKHOTO MPOLeCy OKPEMO, TaK i 17151 iX CyKyITHOCTI, 30KpeMa y BUNIaAKY
4aCTKOBOI renaTekToMmii. lle 103BOINIIO OLiHUTYU TOYHICTh MOZEJIi Ta ii 3IaTHICTh BilTBOPIOBATU IUHAMIKY
BiZJHOBJIEHHS T€YiHKU B P€AJIbHUX YMOBax. TpeTiil po3isl IPUCBSIYEHNN afanTallil METOLIB aallTUBHOTO
IVHAMIYHOTrO NporpaMyBaHH [IJIg 3a7a4i OLiHIOBaHHS MEXaHi3MiB pereHepatii nevinku. Ha nmpakruui B 3agadax
aJanTUBHOIO AYMHAMIYHOTO MIPOrpaMyBaHHs YaCTO BUKOPUCTOBYIOThCS CTalLliOHAPHI CTpaTerii KepyBaHHS, Je
Kepyoui 1Iii 3ay1e>kaTh Bill CTaHy CUCTeMU. TaKi CUCTEMU € OKPEMHUM BUIIAJIKOM CUCTEM i3 HECTal[iOHAPHUM
KepyBaHHSM. OCKiJIbKM CTpaTerist KepyBaHHs, OIIMCaHa Y IPYTOMY PO3[iJli, € HeCTal[iOHapHOIO, METOU
aJanTUBHOTO AMHAMIYHOTO IIPOrpaMyBaHHs OyJIM aflarToBaHi 1o wiei 3ayayi. [Iiis 11p0To 3pO6JIEHO KijbKa
npunyieHs. [lo-nepiue, npouec pereHepatlii NEYiHKNA PO3IISAIAETHCS B MEXKaxX CKIHYEHHOTO iHTepBajly 4acy, 1o
BiAnoBigae QisMuHOMY CeHCY (0OMEKEeHUM KUTTEBUI LIMKJI OpraHiamy). Asie popmasibHO CUCTEMY PiBHSIHB, 110
ONMCYIOTh IIPOLIECHU pereHepallii NediHKY, MO>KHA IPOJOBKUTY Ha HECKiHYEHHY Bick. [To-apyre, QyHKIis1 BAPTOCTI
BBayKa€ThCS 0OMEKEHOIO, 10 ITPUPOIHO AJ1s1 610JI0TiYHMX cucTeM. YeTBepTuil po3fiis MPUCBSIYEHO YMCIEHHUM
€KCIIEPUMEHTaM, CIIPSIMOBAaHMM Ha BUBYEHHS BIUJIMBY Pi3HUX KEPYIOUMX [TIApAMETPIB Ha MPOLECU pereHepariii
I[I€YiHKU MiCJIs1 YACTKOBOI relaTeKToMii Ta y BUIIaJIKaxX aJIKOTOJIbHOTO ypaskeHHs. OCHOBHY yBary IpUAIJIEHO aHai3y
KJIIOYOBUX MEXaHi3MiB, TaKKX SK TilepIuiasis, periikalisg, yTBOPEHHs i TOAiN IBOSNEPHUX MEMaTOLUTIB,
MOJINJIOINHICTD i KOHTPOJIbOBAaHUH anoNTO3. YK CENbHI €KCIIEPUMEHTH AEMOHCTPYIOTS, 11O aroITo3
rinepTpodoBaHUX KIIITUH € KDUTUYHUM [1J1s1 OHOBJIEHHSI KJIITUHHOTO CKJIaNly IIeYiHKu Ta 3a6e3nedyeHHs ii aganTanyii
IO MalbyTHIX cTpeciB. EpekTrBHa pereHepallis MOXJIMBA JIMIIE 32 YMOB JUHAMIYHOTO PEryJI0BaHHS
nosinsoinHocTi. [TocTifiHMM piBeHb MOJIIIOINHOCTI CIIpHsie CTabiIbHOCTI PYHKLiIOHYBaHHS, OJHAK 3MEHIYE
aJanTaliliHui pe3epB OpraHy. bajaHC MiXX YTBOPEHHSIM i [IOMIJIOM JBOSIEPHUX KIIITUH € BOKJINBUM JJI51
30€pe>KeHHs! ONITUMAJIBHOTO KJIITUHHOTO CKJIaAy i (yHKIIOHAIBHOCTI [1€4iHKU B IOBFOCTPOKOBIl I€PCIIEKTUBI.
YucenbHUIN €KCIIEPUMEHT /IJISI aJIKOTOJIBHOTO YPasKeHHSI MeYiHKY 6yJI0 IPOBEAEHO 11711 HAOMIPHOTO CIIOKMBAHHS
€TaHOJIy IIPOTArOM JIBOX TY>KHIB. OTpUMaHI cTparerii pereHepatii migTBepIpKy0Th BioMi 6ios1oriyHi faHi, mo nicis

IIPUIIMHEHHS] TOKCMYHOI'O BIIJIMBY HaBiTh 3HAUYHO IOLIKO/IKEHA MeviHKa 3JjaTHa 10 BilHOBJIEHHS! CBOIX (PYHKLIIM.

2. Karieva V. V. The Problem of Finding an Upper Optimality Estimate for Liver Regeneration Strategies Using
Adaptive Dynamic Programming Methods. — Qualification scientific work is as a manuscript. A thesis on the degree
of Doctor of Philosophy (PhD) in the Specialty 113 Applied Mathematics. - V.N.Karazin Kharkiv National University,
Ministry of Education and Science of Ukraine, Kharkiv, 2025. The thesis is devoted to the mathematical modeling
of liver regeneration processes in the form of generalized Lotka-Volterra equations and determining optimality
criteria for finding liver recovery strategies. It considers adaptive dynamic programming methods for solving the
problem of finding an upper optimality estimate for liver regeneration strategies. The first chapter is dedicated to
the history of the study of the topics discussed in the dissertation. It provides a brief description of the state-of-
the-art projects focused on liver research and the associated mathematical model development. Well-known
methods of modeling biological processes are formulated, and examples from the aforementioned projects are



provided. Possible approaches to the optimization problem that are used further are also discussed. In the second
chapter, a detailed analysis of the key processes that ensure liver regeneration under moderate toxic exposure and
partial hepatectomy is provided. These processes include cell replication, hyperplasia, polyploidy, activation of
anti-stress mechanisms, apoptosis, and necrosis. Each of these processes plays a crucial role in the restoration of
liver tissue, ensuring adaptation to damage and maintaining the functionality of the organ. Based on these
processes, mathematical equations have been developed to describe the dynamics of various liver cell populations.
Specifically, the dynamics of normal hepatocytes, polyploid cells, binuclear hepatocytes, hypertrophic cells, as well
as hepatocytes in a state of anti-stress, apoptosis, and necrosis have been modeled. Additionally, mathematical
models have been created to describe the detoxification processes in the organism, related to exogenous and
endogenous toxins. All of these equations were combined into a generalized mathematical model, which is
presented as a system of equations. This system is an extension of well-known population dynamics models, such
as Volterra integral-differential equations, generalized Lotka-Volterra equations, and their modifications with
delayed arguments. To verify the correctness of the proposed model, it was validated both for each process
individually and for their combination, specifically in the case of partial hepatectomy. This allowed for the
evaluation of the model's accuracy and its ability to reproduce the dynamics of liver regeneration under real
conditions. The third chapter is dedicated to adapting methods of adaptive dynamic programming to the problem
of evaluating liver regeneration mechanisms. In practice, adaptive dynamic programming tasks often employ
stationary control strategies, where control actions depend on the state of the system. Such systems are a
particular case of systems with nonstationary control. Since the control strategy described in Chapter Two is
nonstationary, the methods of adaptive dynamic programming have been adapted to this problem. To achieve this,
several assumptions were made. First, the liver regeneration process is considered within a finite time interval,
consistent with its biological context (a limited organism lifespan). However, formally, the system of equations
describing liver regeneration processes can be extended to an infinite time axis. Second, the cost function is
assumed to be bounded, which is natural for biological systems. The fourth chapter is dedicated to numerical
experiments aimed at studying the impact of various control parameters on liver regeneration processes after
partial hepatectomy and in cases of alcoholic liver injury. The main focus is on analyzing key mechanisms such as
hyperplasia, replication, the formation and division of binuclear hepatocytes, polyploidy, and controlled apoptosis.
Numerical experiments demonstrate that apoptosis of hypertrophic cells is critical for renewing the cellular
composition of the liver and ensuring its adaptation to future stresses. Effective regeneration is only possible
under conditions of dynamic regulation of polyploidy. A constant level of polyploidy promotes the stability of
functioning, but reduces the organ’s adaptive reserve. The balance between the formation and division of binuclear
cells is essential for maintaining the optimal cellular composition and functionality of the liver in the long term. A
numerical experiment for alcoholic liver injury was conducted for excessive ethanol consumption over two weeks.
The obtained regeneration strategies confirm well-known biological data that, after the cessation of toxic
exposure, even significantly damaged liver tissue can recover its functions.
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