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Pedepar:

1.V BcTyni BU3HaY€HO OGEKT i IpeIMET AOCIiIKEHHS, OOrPYHTOBAHO aKTyaJIbHICTh TEMU AUCEPTALIITHOTO 10~
CIipKeHHs!, CPOPMYIbOBAHO METY i 3aBJIaHHS, BU3HAYE€HO METOIU JTOCIiPKEHHS, IOTO HayKOBY HOBU3HY,
[IPaKTUYHY 3HAYMMICTh, IPOKOMEHTOBAHO ANlpo6allilo, OIIMCAHO CTPYKTYPY AUCEPTAaLiliHOi po60TH Ta ii OCHOBHMI
3MicT. Y Ipyromy po3sfini KOpoTKO ONKCaHA iCTOpist 06epHeHUX crieKTpanbHUX 3a1ay LITypma-JliyBinis Ha
inTepsasi, Ha 3ipkoBOMY rpadi, Ha JOBIIBHOMY METPUYHOMY [IepeBi i Ha IpocToMy 3BsI3HOMY rpadi. 3a3HavyeHo, 0
iCHyIOTb [1Bi TOCTAaHOBKM OOE€PHEHMX 33724 Ha rpadax. B nepuriii noctaHosLi faHumu € popma rpady Ta cekrp abo

criekTpu 3agad lltypma-JliyBinis Ha uboMy rpadi, Tpebda 3HaiT NOTEHLianu Ha pebpax. Y Ipyriil MOCTaHOBL



obepHeHOi 3a7aui BiloMuil crieKTp (260 CIIEKTPH), a Tpeba 3HaiTu popmy rpady. B naniit nuceprauiiiniil po6oTi
PO3IJISIHYTI 06epHeHi 3aa4i y nepuiil mocTaHoBLi (po3zin 3) Ta y Apyriil moctaHoBLi (po3zin 4, po3ain 5). ¥V
TPETbOMY PO37iJii pO3Bs3aHa, [O-TIEpIe, IIPsMA 3aJlaYa 3 TPbOMA CIIEKTPAaMH, Ky MOXKHA PO3IJISLATH SK 3a7a4y Ha
rpadi P3. le 3apava npo B3aeMHe pO3TalllyBaHHS BJIACHUX 3Ha4YeHb 3azadi llITypma-JliyBinss Ha iHTepBaili 3
yMOBOIO HellMaHa Ha OZHOMY KiHIIi Ta yMOBOIO Jlipixjie Ha ApYyroMy KiHIii Ta BJIaCHMX 3Ha4Y€Hb 3aa4, TIOPOIKEHUM
TUM >Xe piBHsSHHAM llITypma-JliyBisnis Ha J1iBiii IOJIOBMHI IBOTO iHTEpBaJly Ta Ha NIPaBill [IOJIOBUHI LIbOTO iHTEPBAJTY.
JloBeJeHo, 110 BJIaCHi 3HaU€HHS 33/1a4i Ha BCbOMY iHTEpBaJli 4EPryIOThCS 3 €IeMEHTaMU 00'€JHAHHS CIIEKTPIB 3a1a4
Ha [10JIOBMHAX iHTepBasy. TakoX, B IbOMY PO3/iji Po3B’s3aHa O6epHEHA 337ja4a 32 TPbOMa CIIEKTPaMu, TO6TO
3a7ja4a BiIHOBJIEHHS NOTeHLjany piBHIHHSA llITypma-JliyBisnis, BUXons4u 3 BifoMux crnekrpa 3agadi llltypma-
JliyBijyIs Ha IbOMY iHTEpBaJIi Ta CIIEKTPIB 3a71a4 Ha I10JIOBUHAX LbOTO iHTepBaily. JJoBeIeHO, 110 SKILO BJIACHI
3HAYEHHS 3371a4i HAa BCbOMY iHTE€pBaJli YePryIOThCs 3 €JIEeMEHTAMU O0€JHAHHS CIIEKTPIB 3a/1a4 Ha [10JI0BMHAX L[bOTO
iHTepBaJly y CTPOTOMY CEHCI, TO PO3BSI30K TaKOi OOEpHEHOI 3a1a4i equHuI. PO3rIsiHyTO 0COGIMBUIL BUTIAZIOK, B
SIKOMY IJI51 3HaXOKEHHS IIOTEHLialy IOCTaTHbO 3HATU HE TPY BUIIE3ralaHi CIIEKTPY, a TIJIbKU BA Ta OJHE BJIACHE
3HAYEHHS 3 TPETbOrO. Llel BUNajoK € aHajoroM CUTyallii B sIKill clipaBeijiuBa KJIaCU4Ha TeopeMa AM6apuymsiHa. Y
4eTBEPTOMY Ta IT'SITOMY PO3[iIax PO3IJISIHYTI 3a/1a4i BifHOBIEHHS popmu rpadiB, BUXOASIUY 3i CIIEKTPIB KpAalOBUX
3a7a4. Y 4eTBEPTOMY PO3[iJli PO3IJIIHYTa CIIEKTPabHA 3a7a4a, MOpoAKeHa piBHAHHAMMU LlITypMma-JliyBinng Ha
IIPOCTUX 3BS13HUX PiBHOOIYHMX METPUYHUX rpadax 3i cTaHIapTHUMU YMOBaMU y BepuinHaH. [1if cTaHzapTHUMU
yMOBaMU MaeMO KpanoBi ymoBU HeliMaHa Ha BUCSIYMX BEPLIMHAX Ta yMOBU HemepepBHOCTI Ta Kipxroda y
BHYTPIIIHIX Bep- MMHAaX. 3HAWEHi aCUMIITOTUYHI (POPMYJIN IJIs1 BJIACHUX 3HAYEHb TaKMX 3334, IPUIOMY
II0Ka3aHo, 10 B TOI Yac, SIK FOJIOBHUH YJIeH aCUMIITOTHKY, LOOpE BiTOMU, SIK BeNJiBCbKU (OUB. piBHsAHHS (4.11)
HIDKYeE), 3aJI€KUTh TiJIbKY Bifl JOBXUHU pebdpa Ta KiJIbKOCTi pedep, APYTi WiIeHU aCUMIITOTUKY € Pi3HUMU [J1s1 Pi3HUX
nignocnigoBHoOcTeN criekTpa. KoedilieHT mpu Ipyrux ujeHax aCUMITOTHKHY, SIK 1€ I0BEJEeHO B POOOTi,
B32€MHOO/IHO3HAYHO IOB'SI3aHi 3 BIACHUMU 3Ha4eHHSIMU HOPMOBaHOTo Jlanaciany 1iporo rpady i He 3amexars Bif,
IoTeHI1jajliB Ha pebpax rpady (MaeTbcs Ha yBasy, 1O Lii IoTeHLjanu € aifichumu L2-gynkuismn). Lle o3Havae, 1m0
OTPUMaHi 3 eKCIIEpUMEHTY APYTi KoedillieHTH y MifIOCIiJOBHOCTSIX, 3 SIKUX CKJIQJIa€ThCsl CIIEKTP, JAIOTh
MOJKJIMBICTb 3HANTH BIaCHE 3HaYeHHs IuckpeTHoro Jlansaciany rpada. [ani 3amada 3Besacs 1o npodaeMu
BigHOBJIeHHS popmu rpada, BUXOIS4YM 3 BJIaCHUX 3HaYeHb AucKpeTHoro Jlanaciany (Ta BifoMoi KisbkocTi pedep
rpady, sIKy MOKHA 3HaiTH 3 BeMIiBCbKOI (pOpMyJIU IJ1s1 IEPIIOTrO WieHa). Po3rysHyTo BCi IpoCTi 3B513Hi rpadu
KiZIbKiCTb BEPILIMH Y SIKUX He NepeBUllye I'ITU. 3HAlAeHO BUBHAYHUKY iX HOpMOBaHUX JlamnsaciaHiB i OpiBHSHO
MiX CO00I0 Ti 3 HUX, KOTPi MalOTh OJHAKOBY KiJIbKiCTh pebep. BusBuiocs, o Bci BOHM pi3Hi. Lle o3Havae, mo ceper,
IIPOCTUX 3BS13HUX PiBHOOIYHUX IpagiB 3 KiJIbKiCTIO BEPIIMH He Oifblie II'SSTU HeEMae KOCIeKTpaabHUX. TyT, mif
KOCIIEKTPaJIbHMMU MAIOTbCS Ha YBa3i Hei3oMOp(QHi rpadu 3 0IHAKOBUM CIIEKTpoM 3anadi llItypma-Jliysins 3i
CTaHJAPTHUMU YMOBAaMHU Y BEpUIMHAX. BioMo, 110 iCHye Napa KOCIEKTPalbHUX rpadiB 3 MiCTbOMA BEPIIMHAMMU.
OT>xe, OTpMMaHUH pe3yJibTaT He MOKHA IOMMPUTU Ha rpadu 3 KibKicTio BepuinH 6isblie m'sati. OKpeMo
POBIJISIHYTO BUMNAMIOK AepeB. [I71s piBHOOIYHUX AEPEB AOBEAEHO, 1110, SIKUIO KiJIbKICTh BEPLIMH HE IIE€PEBULILYE
BOCbMHU, TO BUSHAYHUKMU BCiX AUCKPETHUX JlanaciaHiB pi3Hi, TOOTO HE iCHy€ KOCIEKTPAJIbHUX Y HALIOMY CEHCi
rpadis cepen, piBHOOIYHMX JiepeB 3 KibKicTio BepmivH < 8. Biomo, 1o icHye napa kocnekTpasyipHux rpadis 3
IeB’aTbio BepminHamu. OTXe, Hall] pe3yJIbTaT HE MOKHA NIOLIMPUTH Ha BUNAIOK JAE€PEeB 3 KiJIbKiCTIO BEPLIMH 6isblie
BOCbMU. JI7151 3HaxXO[KeHHS popmu rpady BUXOISI4YM 3 BUBHAUYHUKA JUCKPETHOrO Jlansiaciany cjii CKOpUCTaTucCs
THUM, 110 rpadam 306pakeHUM Ha PUCYHKY 3 BiJ[IOBiJal0Th XapaKTE€PUCTUYHI MHOTOUYJIEHU, TOOTO BU3HAUYHUKU
nyckpeTHux JlamnacianiB HaBeseHi Ha cTopiHkax 47-48. JlepeBam, 300pakeHUM Ha PUCYHKax 4 Ta 5 BiANOBifaOTh

XapaKTEePUCTUYHI MHOTOWIEHH, ITPEJCTaBJIeHi Ha cTopiHKax 48-50.

2. The approbation is described and the structure and the main content are given. In Section 2 a brief history of
direct and inverse spectral Sturm-Liouville problems on an interval, on a star graph, on an arbitrary tree and on a
simple connected metric graph is presented. There exist two settings of inverse problem on a graph. In the first
setting the shape of a graph is given as well as the spectrum of a spectral problem or spectra of spectral problems
and it necessary to find the potentials on the edges. In the second setting of inverse problem on graphs the
spectrum (or spectra) is given, we need to find the shape of the graph. In the third section the first setting of the



inverse problem is considered while in the fourth and in the fifth - the second. In the third section first of all the
direct three spectra problem is considered which is a problem on the P3 graph. This is the problem of mutual
arrangement of the eigenvalues of the Sturm-Liouville problem on an interval with the Neumann condition at one
of the ends and the Dirichlet condition at the other end, the eigenvalues of the Sturm-Liouville problems on the
left half and on the right half of the interval. It is proved that the eigenvalues of the problem on the whole interval
interlace with the elements of the union of the sets of eigenvalues of the problems on the parts of the interval. The
three spectra inverse problem is considered in this section also. This is the problem of recovering the potential of
the Sturm-Liouville equation using the spectrum of the problem on the whole interval and the spectra of the
problems on the left and the right halves of the interval. It is proved that if the eigenvalues of the problem on the
whole interval strictly interlace with the elements of the union of the spectra of the problems on the halves of the
interval then the solution of the three spectra inverse problem is unique. A special case is considered in which not
three but two spectra and one eigenvalue of the third spectrum uniquely determine the potential. This case is an
analogue of the situation where Ambarzumian’s theorem is true. In the fourth and fifth sections problems of
recovering the shape of graphs using the spectra of boundary value problems are considered. In the fourth section
the Sturm-Liouville problem on simple connected equilateral metric graphs is considered with the standard
conditions at the vertices. By standard the Neumann conditions at the pendant vertices and Kirchhoff’s and
continuity conditions at the interior vertices are meant. Asymptotic formulae for the eigenvalues of such problems
are obtained. It is shown that the main term of these asymptotics known as Weyl's term (see equation (4.11))
depends only on the number of edges and on the length of an edge. The second term of the asymptotics is
different for different subsequences of the spectrum. It is proved that the coefficients in the second terms are in
one-to-one correspondence with the eigenvalues of the normalized Laplacian of the graph and does not depend
on the potentials on the edges (it is assumed that these potentials are real and belong to L2(0, 1)). Thus, the
coefficients of the second terms in asymptotics of the spectrum subsequences enable to find eigenvalues of the
normalized Laplacian. Then the problem is reduced to the problem of recovering the shape of a graph using
eigenvalues of the normalized Laplacian (and the number of edges which can be obtained from the Weyl’s formula
for the first term of the asymptotics). For all the simple connected graphs with the number of vertices not
exceeding five the determinants of the normalized Laplacians are found. Those of them which has the same
number of edges are compared. It appeared that all of them are different. This means that there are no cospectral
among simple connected equilateral graphs with the number of vertices less or equal five. By cospectral we mean
nonisomorphic graphs with the same spectra of the Sturm-Liouville problem with the standard conditions at the
vertices. It is known that there exists a pair of cospectral graphs on six vertices. Thus, this result can’t be extended
to the case of more than five vertices. The case of trees is considered separately. It is proved that if the number of
the vertices in equilateral trees does not exceed eight then the determinants of the normalized Laplacians are
different and therefore there are no cospectral in our sense equilateral trees with the number of vertices not
exceeding eight. It is known that there exists a pair of cospectral trees on nine vertices. Thus, this result can’t be
extended to the case of trees of more than eight vertices. To find the shape of a graph using the normalized
Laplacian determinant one should use the fact that graphs of Fig. 3 of the thesis are in one-to-one correspondence
with the characteristic polynomials, i.e. determinants of the normalized Laplacians given at pages 47-48.
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