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1. Y BcTyni BU3HA4€HO OOEKT i IpeAMET IOCIiI)KEHHsI, OOrPYHTOBAHO aKTYyaJIbHICTh TEMU NUCEPTALiIIHOTO 1O~
crimkenHs1, cQOpMyIbOBAHO METY i 3aBIaHHS, BUBHAYEHO METOAM NOCJIiIKeHHS, HOTO HayKOBY HOBU3HY,
[IPaKTUYHY 3HAaYUMICTh, IPOKOMEHTOBAHO aIrpoballilo, ONIMCaHO CTPYKTYPY AUcepTaliliHoi po6oTu Ta ii ocHOBHUI
3MicT. Y Ipyromy posfiisi KOpOTKO OIMCaHa icTopis o6epHeHUX clieKTpanbHuX 3aaa4 lltypma-JliyBinis Ha
inTepBasi, Ha 3ipKkoBOMY rpadi, Ha JOBIIBHOMY METPUYHOMY [E€PEBIi i Ha IPOCTOMY 3BSI3HOMY rpadi. 3a3Ha4eHo, o
iCHyIOTb IBi TOCTAaHOBKM OOE€pHEHUX 3a7a4 Ha rpadax. B nepuiii moctanosLi fanumu € popma rpady Ta crekrp abo
criekTpu 3aau lltypma-JliyBinis Ha uboMy rpadi, Tpebda 3HaiiTu oTeHLianu Ha pebpax. Y Ipyriil MOCTaHOBL
obepHeHoi 3a71a4i BifoMuil ciekTp (abo criekTpu), a Tpeba 3Haitu popmy rpady. B nanii nuceprauiiiziii po6oTi
PO3IJIsIHYTI O6epHEHi 3a1a4i y nepuiii NocTaHOBL (po31in 3) Ta y APyYriil NOCTaHOBL (PO31in 4, po3ain 5). Y

TPeThOMY PO3ZiJi po3Bsi3aHa, II0-Tieplie, [IPsMa 33/1a4a 3 TPbOMA CIIEKTPaMH, SIKy MOKHA PO3IJISJATH SIK 3a/ia4y Ha



rpadi P3. lle 3amaya npo B3aeMHe pO3TallyBaHHS BJIAaCHUX 3HaYeHb 3anayvi llltypma-JliyBinsns Ha iHTepBadi 3
yMOBOIO HeliMaHa Ha OZHOMY KiHILIi Ta yMOBOIO [lipixjie Ha APYyroMy KiHIi Ta BJIaCHUX 3HAY€Hb 3374, TOPOJI>KEHUM
THAM >Xe piBHsSHHAM llITypma-JliyBisisg Ha JiBiii [TOJIOBMHI LBOTO iHTEpBaly Ta Ha IIPaBill [IOJIOBUHI LIbOTO iHTEPBAJTy.
JloBeneHo, 110 ByIACHI 3HAU€HHS 33Jja4i HA BCbOMY iHTEpBaJli Y4epPryloThCs 3 eJleMeHTaMu 00'€JHaHHSI CIIeKTPIB 3aa4
Ha [10JIOBMHAX iHTepBasy. TakoX, B IIbOMY PO3/iji Po3B’s3aHa OOEpHEHA 33[1a4a 32 TPbOMa CIIEKTPaMu, TOOTO
3a7ja4a BiIHOBJIEHHS NOTeHLjany piBHIHHA llITypma-JliyBisuis, BUXons4u 3 BioMux criekrpa 3agadi llltypma-
JliyBijyIs Ha LbOMY iHTEpBaJli Ta CIIEKTPIB 3a71a4 Ha I10JIOBUHAX LBOTO iHTepBaiy. JJoBEIEHO, IO SAKILO BJIACHI
3HA4YEHHS 3371a4i Ha BCbOMY iHTE€PBaJli YepPryIOThCS 3 eJIeMEHTaMU 00eJHAHHS CIIEKTPIB 33724 Ha [10JIOBUHAX 1[bOTO
iHTepBaJly y CTPOrOMY CEHCi, TO PO3BS30K Takoi 06epHeHOi 3a5iavi equHUIA. PO3TIsiIHyTO 0COOIMBUI BUNIAZIOK, B
SIKOMY IJI51 3HaXOKEHHS IIOTEHLiaJly TOCTAaTHbO 3HATU HE TPY BUILE3ralaHi CIIEKTPY, a TUJILKU 1BA Ta OJHE BJIACHE
3HAYEHHS 3 TPETHOrO. Llel BUNazoK € aHajloroM CUTYyallii B sIKil ClipaBeyiuBa KJIaCUYHA TeopeMa AMOapuymsiHa. Y
4eTBEPTOMY Ta IT'SITOMY PO3[iJIax PO3IJISIHYTI 3a/a4i BifHOBIEHHS popmu rpadiB, BUXOASIUM 3i CIIEKTPIB KpallOBUX
3a7a4. Y 4eTBEPTOMY PO3[iJli PO3IJIHYTa CIIEKTPasbHA 3a7a4a, opoaKeHa piBHAHHAMMU LlITypMma-JliyBinng Ha
IIPOCTUX 3B’SI3HUX PiBHOOIYHUX METPUYHUX rpadax 3i CTaHIapTHUMU YMOBaMU y BepuinHaH. [1if cTaHzapTHUMU
yMOBaMM MaeMo KpaioBi yMoBu HeliMaHa Ha BUCAYUX BEPIIMHAX Ta YMOBU HenepepBHOCTI Ta Kipxroda y
BHYTPIIIHIX Bep- mK1HaX. 3HaAWeHi aCHMIITOTHYHI GOpMYJIN IJ1s1 BJIACHUX 3HaY€Hb TaKWX 33714, IPUIOMY
II0Ka3aHo, 10 B TOM 4ac, sIK FOJIOBHUH YJIeH aCUMIITOTUKY, LOOPE BiOMUM, K BeNJiBCbKU (OUB. piBHSIHHS (4.11)
HIDKYeE), 3aJI€KUTh TiJIbKY Bifi JOBXUHU pedpa Ta KiJIbKOCTi pedep, APYyTi WIEeHN aCUMIITOTUKY € Pi3HUMU J1s1 Pi3HUX
nipnocnigoBHocTel crekrpa. KoediuieHnTr npu Apyrux 4jieHax aCUMITOTUKY, SIK 1€ JOBELEeHO B pobOTi,
B3a€MHOO/IHO3HAYHO IOB'sI3aHi 3 BJIJaCHUMU 3HaY€HHSIMU HOPMOBaHoTro Jlansaciany 1poro rpady i He 3anexars Bif,
NIOTEHIjaliB Ha pebpax rpady (MaeTbcs Ha yBasy, 1O Li IOTeHLjanu € aificnumu L2-gynkuismn). Lle o3Havae, 1m0
OTPUMaHi 3 EKCIIEPUMEHTY NIPYTi KoeillieHTH y MiANOCTiZOBHOCTSX, 3 SKUX CKIAA€ThCS CIIEKTP, JAI0Th
MOXKJIMBICTb 3HAlTH BJIaCHE 3HaY€HHs IuckpeTHoro Jlansaciany rpada. [lani 3amada 3Besacs Jo podieMu
BigHOBJIeHHS1 popmu rpada, BUXOISI4YM 3 BJIAaCHUX 3HaYeHb AucKpeTHoro Jlanaciany (Ta BifoMoi KinbKocCTi pedep
rpa@y, sIKy MOKHA 3HaWTH 3 BEMIiBCbKOI (pOpMyJIX IJ1s1 IEPIIOTrO WieHa). PO3ryIsgHyTO BCi IPOCTi 3B513Hi rpadu
KiJIbKiCTb BEPILIMH Y SIKUX He NepeBUllye I'ITH. 3HalIeHO BUBHAYHUKY iX HOpMOBaHuX JlamnsaciaHiB i OpiBHSIHO
MDX cO0OI0 Ti 3 HUX, KOTpi MalOTh OHAKOBY KiJlbKiCTb pebep. BusiBusocs, mo Bci BoHU pizHi. Lle o3Hauae, 10 cepen
IIPOCTUX 3B’S13HUX PiBHOOIYHUX TpagiB 3 KiJIbKiCTIO BEPIIMH He Oifiblle II'SITU HEMa€e KOCNEKTpaibHUX. TyT, mif
KOCIIEKTPaJIbHMMU MAIOTbCS Ha YBa3i Hei3oMOp(QHi rpadu 3 0IHAKOBUM CIEKTpoM 3anadi llItypma-Jliysins 3i
CTaHJAPTHMMHU YMOBaMHU y BeplInHaX. Binomo, mo icHye napa kocrnekTpanbHuX rpadis 3 MmicTbOMa BEPIIMHAMU.
OTxe, OTpUMaHUH pe3yJIbTaT HE MOKHA IIOMMPUTU Ha rpadu 3 KiIbKiCTIO BeplIKH Oisblie m'siTi. OKpeMo
PO3IJISIHYTO BUMNAMIOK AepeB. 17151 piBHOOIYHUX AEPEB AOBEAEHO, 10, SIKUIO KiJIbKiCTh BEPLIMH HE IE€PEBULLYE
BOCbMM, TO BU3HAYHUKU BCiX IUCKpeTHUX JlanaciaHiB pi3Hi, TOGTO He iCHye KOCIEeKTpaJIbHUX y HAIIOMY CEHCi
rpadis cepen piBHOOIYHUX JlepeB 3 KiJIbKicTIo BepuIyH < 8. Biomo, 1110 icHye napa KocnekTpanbHuX rpadis 3
IeB’aTbio BepmnHamu. OTXe, Halll pe3yJIbTaT HE MOKHA NIOLIMPUTH Ha BUNAZIOK AEPEB 3 KiJIbKICTIO BEPLIMH 6isblie
BOCbMU. []7151 3HaxopkeHHs GopMu rpady BUXOSYU 3 BUSHAYHUKA JUCKpeTHOro JlansaciaHy CJlif, CKOpUCTaTUCS
THM, 10 rpadam 300pakeHM Ha PUCYHKY 3 BiZI[IOBiZAI0OTh XapaKTEPUCTUYHI MHOTO4JIEHH, TOOTO BUBHAYHUKH
IyckpeTHuX JlanacianiB HaBeneHi Ha cTopiHKax 47-48. JlepeBam, 300pakeHUM Ha PUCYHKax 4 Ta 5 BiANOBifaOTh

XapaKTepPUCTUYHI MHOTOUJIEHH, TPE/ICTaBJIeHi Ha cTOpiHKax 48-50.

2. The approbation is described and the structure and the main content are given. In Section 2 a brief history of
direct and inverse spectral Sturm-Liouville problems on an interval, on a star graph, on an arbitrary tree and on a
simple connected metric graph is presented. There exist two settings of inverse problem on a graph. In the first
setting the shape of a graph is given as well as the spectrum of a spectral problem or spectra of spectral problems
and it necessary to find the potentials on the edges. In the second setting of inverse problem on graphs the
spectrum (or spectra) is given, we need to find the shape of the graph. In the third section the first setting of the
inverse problem is considered while in the fourth and in the fifth - the second. In the third section first of all the
direct three spectra problem is considered which is a problem on the P3 graph. This is the problem of mutual
arrangement of the eigenvalues of the Sturm-Liouville problem on an interval with the Neumann condition at one



of the ends and the Dirichlet condition at the other end, the eigenvalues of the Sturm-Liouville problems on the
left half and on the right half of the interval. It is proved that the eigenvalues of the problem on the whole interval
interlace with the elements of the union of the sets of eigenvalues of the problems on the parts of the interval. The
three spectra inverse problem is considered in this section also. This is the problem of recovering the potential of
the Sturm-Liouville equation using the spectrum of the problem on the whole interval and the spectra of the
problems on the left and the right halves of the interval. It is proved that if the eigenvalues of the problem on the
whole interval strictly interlace with the elements of the union of the spectra of the problems on the halves of the
interval then the solution of the three spectra inverse problem is unique. A special case is considered in which not
three but two spectra and one eigenvalue of the third spectrum uniquely determine the potential. This case is an
analogue of the situation where Ambarzumian’s theorem is true. In the fourth and fifth sections problems of
recovering the shape of graphs using the spectra of boundary value problems are considered. In the fourth section
the Sturm-Liouville problem on simple connected equilateral metric graphs is considered with the standard
conditions at the vertices. By standard the Neumann conditions at the pendant vertices and Kirchhoff’s and
continuity conditions at the interior vertices are meant. Asymptotic formulae for the eigenvalues of such problems
are obtained. It is shown that the main term of these asymptotics known as Weyl's term (see equation (4.11))
depends only on the number of edges and on the length of an edge. The second term of the asymptotics is
different for different subsequences of the spectrum. It is proved that the coefficients in the second terms are in
one-to-one correspondence with the eigenvalues of the normalized Laplacian of the graph and does not depend
on the potentials on the edges (it is assumed that these potentials are real and belong to L2(0, 1)). Thus, the
coefficients of the second terms in asymptotics of the spectrum subsequences enable to find eigenvalues of the
normalized Laplacian. Then the problem is reduced to the problem of recovering the shape of a graph using
eigenvalues of the normalized Laplacian (and the number of edges which can be obtained from the Weyl's formula
for the first term of the asymptotics). For all the simple connected graphs with the number of vertices not
exceeding five the determinants of the normalized Laplacians are found. Those of them which has the same
number of edges are compared. It appeared that all of them are different. This means that there are no cospectral
among simple connected equilateral graphs with the number of vertices less or equal five. By cospectral we mean
nonisomorphic graphs with the same spectra of the Sturm-Liouville problem with the standard conditions at the
vertices. It is known that there exists a pair of cospectral graphs on six vertices. Thus, this result can’t be extended
to the case of more than five vertices. The case of trees is considered separately. It is proved that if the number of
the vertices in equilateral trees does not exceed eight then the determinants of the normalized Laplacians are
different and therefore there are no cospectral in our sense equilateral trees with the number of vertices not
exceeding eight. It is known that there exists a pair of cospectral trees on nine vertices. Thus, this result can’t be
extended to the case of trees of more than eight vertices. To find the shape of a graph using the normalized
Laplacian determinant one should use the fact that graphs of Fig. 3 of the thesis are in one-to-one correspondence
with the characteristic polynomials, i.e. determinants of the normalized Laplacians given at pages 47-48.

Jep>kaBHHHM peecTpaniiiHuii Homep [iP:

IIpiopuTeTHHH HaNIpSIM PO3BHTKY HayKH i TEXHIKHM: OyHaMeHTasbHI HAyKOBI HOCIIIIPKEHHS 3 HANGLIbII
Ba)KJIMBYX IIPOGJIEM PO3BUTKY HayKOBO-TEXHIYHOTI0, COLiaJIbHO-€KOHOMIYHOT0, CyCIIiJIbHO-TIOJIITUYHOTO,
JIIOACBHKOTO MOTEHLjany 1181 3a6e3le4yeHHs KOHKYPEHTOCIIPOMOKHOCTI YKpaiHu y CBITi Ta CTAaJIoro pO3BUTKY

CYCIIiJIbCTBA i Aep>KaBy

CrpareriyHui NpiopUTETHUI HANIPSIM iHHOBaILiHHOI AiSIJIBHOCTI: He 3aCTOCOBYETHCS
ITizcyMKHu AOCIiAKEHHS: HoBe BUpIlEHHS aKTyaJbHOTO HAyKOBOTO 3aBIaHHs

ITy6ostikamii:

¢ A. Chernyshenko, V. Pivovarchik, Recovering the shape of a quantum graph. Integral Equations and Operator
Theory, Vol. 92, (2020), Art. 23, 16 pp. DOI:10.1007/s00020-020-02581-w



https:/ /link.springer.com /article /10.1007 /s00020-020-02581-w

¢ A. Chernyshenko, V. Pivovarchik. On Three Spectra Problem and Ambarzumian’s Theorem. Mediterr. J. Math.
(2023) 20:129 https:/ /doi.org,/10.1007 /s00009-023-02347-9.

¢ A. Chernyshenko, V. Pivovarchik. Cospectral quantum graphs with Dirichlet conditions at pendant vertices.
Ukrainian Math. J. 75 (2023) is. 3, 439-455. DOI: 10.37863 /umzh.v75i3.7351

HaykoBa (HayKOBO-TeXHiYHa) MPOAYKILis: meTozy, Teopii, rinoresn
ComniasibHO-€KOHOMIYHA CIIPSIMOBaHIiCTh:

OxopoHHi gokymeHTH Ha OIIIB:

BrnpoBagkeHHs pe3yJIbTaTiB AHCEPTalii: BiposamkeHo

3B'S130K 3 HAYKOBHMH TeMaMH: 01119U002030

VI. BizomocCTi Ipo HayKOBOr0 KEPiBHHKA /KEPiBHUKIB (KOHCYJIbTAaHTA)

Baacue IlpizBuuie Im's Ilo-6aThKOBI:
1. [ImBoBapuuK BsuecsnaB MukosaiioBud

2. Viacheslav M. Pyvovarchyk

KBasigikanis: . ¢.-m. 1., npodecop, 01.01.02
InenTudikarop ORCID ID: He 3acrocosyetscs
JoparkoBa indpopmamnist:

IToBHEe HafIMeHyBaHHH lopn,rmquoi ocoou: JepsxaBuuil 3aknay, "[1iBAeHHOYKpPaiHCbKUI HalliOHAIBHUN

neparoriyHuil yHisepcurer imeni K. JI. YmnHcbpKOro"

Kopg 3a €IPIIOY: 02125473

Micue3Haxoa KeHHS: By CtapornoprodpaHKiBebka, 6y, 26, Ozeca, 65020, Ykpaina
dopma ByacHOCTI: [lepxkasna

Cdepa ynpaBitiHHS: MiHictrepcTBo oCBiTH i HayKu YKpaiHu

InenTudikarop ROR:

VII. BizomocTi npo odiliiHUX OTIOHEHTIB Ta pelleH3€eHTiB
OdiuiiiHi OTIOHEHTH
Baacwue IlpizBume Im'a Ilo-6aTbKOBI:

1. Muxainenp Bonogumup AHIpiioBuy

2. Volodymyr A. Mykhailets

KBasidikamis: 1. d.-m. 1., npodecop, 01.01.02
InenTudikarop ORCID ID: He 3acrocosyerbcs
JoparkoBa inHdpopmamnist:

IloBHE HaliIMEHYBaHHS IOPUAHNYHOI 0COOH: [HCcTUTYT MaTemaTuku HauioHanbHOI akanemii Hayk Ykpainu



Kopg 3a €IPIIOY: 05417207

Micueanaxo,r.pxeﬂml: ByJI. TepeleHkKiBChKa, 6ya. 3, Kuis, 01024, Ykpaina
dopma ByacHOCTI: Jlepxkasna

Cdepa ynpaBiriHHS: HaujonasnbHa akajeMis HayK YKpaiHu

InenTudikarop ROR:

BiacHe IlIpizBuie Im'sa I1o-0aTbKOBI:
1. 3on0TaproB Bonogumup OsekcinoBrny

2. Volodymyr O. Zolotarov

KBasigikanis: n. d.-m. 1., 01.01.01
InenTudikarop ORCID ID: He 3acrocosyerbes
JoparkoBa iHdpopmamnist:

IloBHe HaliMeHYBaHHSI IOPHUAHUYHOI 0COOH: Di3nKo-TEXHIYHMIT iHCTUTYT HU3BKUX TEMIIEPATYP iMeHi B. L.

Bepkina HanionanpHoi akagemii HayK YKpaiHu

Kopg 3a €IPIIOY: 03534601

Micue3HaxoaKeHHs: npocnekt Hayku, 6y, 47, XapkiB, XapKiBcbKuii p-H., 61103, Ykpaina
dopma ByacHOCTI: [lepxasna

Cdepa ynpaBiiHHSA: HaujonasnbHa akajeMis HayK YKpaiHu

InenTudikarop ROR:

PeuenseHTu

Bsacue IlpizBuuie Im's I1o-6aThKOBI:
1. bonpapesa Onbra MukosaiBHa

2. Olha M. Boldarieva

KBasigikanis: k. ¢.-m. ., 01.01.03
InenTudikarop ORCID ID: He 3acrocosyetses
JoparkoBa indpopmamnist:

IloBHe HaliMeHYBaHHSI IOPHUAHUYHOI 0COOH: [lepkaBHuii 3aknaz "TliBI€HHOYKPAiHChKMIL HALLIOHAIbHUIA

neparoriyaui yHisepcuret iMeHi K. JI. YimuHcekoro”

Kopg 3a €IPIIOY: 02125473

Micue3Haxoa KeHHS: By CtapornoprodpaHKiBcbka, 6y, 26, Ozeca, 65020, Ykpaina
dopma ByacHOCTI: [lepxasna

Cdepa ynpaBitiHHS: MiHictepcTBo OCBiTH i HayKu YKpaiHu

InenTudikarop ROR:

BiacHe IIpizBuie Im'sa I1o-6aTbKOBI:

1. bBoriko Ospra I1aBssiBHa



2. Olha P. Boiko

KBasigikanis: k. ¢.-m. 1., 01.01.03
ImenTudikarop ORCID ID: He zactocoyerbcs

JonaTkoBa iHdopmalist:

IloBHe HaﬁMeHyBaHHﬂ IOpI/I,I[H‘IHOi 0COoO0M: JepsxaBHui 3aknay, "[1iBAeHHOYKpaiHCbKUI HalliOHAJIbHUMI

neparoriyHum yHisepcuret iMeHi K. JI. Yimmucpkoro”

Kopg 3a €IPIIOY: 02125473

Micue3HaxoaKeHHS: ByJ1. CtaponoprodpaHKiBCcbKa, 0y1. 26, Oneca, 65020, Ykpaina

dopma BracHOCTI: JlepxasHa

Cdepa yIIpaBJIiHHﬂ: MiHicTepcTBO OCBiTH 1 HayKU YKpaiHu

InenTudikarop ROR:

VIII. 3aKkJII04Hi BiZmoMOCTi
BsiacHe IIpi3Buie Im'sa ITo-6aTbKOBI
TOJIOBH paju

BsiacHe IIpi3Buie Im'sa ITo-6aTbKOBI
rOJIOBYIOYOTO Ha 3acCiiaHHi
BignoBigasibHUMH 3a HiATOTOBKY

00JIiKOBUX JOKYMEHTIB

PeecTpaTtop

KepiBHuk Bigginy YKpIHTEI, mpo €
BiZIIOBiZaJIbHUM 32 peECTpallil0o HAyKOBOi

OisIJIbHOCTI

KamoxHuii-Bepo6osenpkuil iImutpo CeMeHOBUY

KamoxxHuii-Bepo6osenpkuii Imutpo CeMeHOBUY

Kusskena 1. A.

VKpIHTEI

Opuenko Tetsana AHaTosiiBHa



