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Pedepar:

1. lucepranio IpUCBSIYEHO AOCIIIKEHHIO METPUK PO3LIAPOBAHMUX IIPOCTOPIB, iXHIX BJIACTUBOCTEN, Ta iX
y3araJibHeHb Ha OiJIbII IMMPOKUI KJIaC METPUK SIKi IPU3BOISATH A0 iHIIOi reoMeTpii B mapax i BCbOMY JOTUYHOMY
posmapyBaHHi. [IpypoHOI0 METPHKOIO HA TOTUYHOMY pO3LIapyBaHHi € MeTpuka Cacaki, FfeOMEeTpUYHi BJIaCTUBOCTI
sikoi To6pe Bimomi. Hacmpasi >k 3arasiom MmeTpuka Cacaki Mae siuiie BJIaCTUBOCTI 3arajabHOi piMaHOBOI METPUKH, 60
Ha mapax meTpuka Cacaxi criBnazae 3 METPUKOIO 6230BOr0 MHOTOBUAY. AJle MOXKHA y3arajlbHUTH BU3HAUEHHS
meTpuku Cacaki, JO3BOJIMBIIY MeTPHLi HA Mmapax Bigpi3HATHCS Bif, 6230B0i. ['0JIOBHUM IUTAaHHAM, SIKUM 3aHManCs
i 3alfiMalOThCs HaraTo BilOMUX MAaTEMAaTHUKIB, €: SIK caMe HoBa AedopmoBaHa MmeTpuka Cacaki 3MiHIOE TeOMeTpilo
IOTWYHOTO PO3LIAPYBaHHA? METOIO NOCIIIIKEHHS € BUSBJIEHHS 3aJIEXKHOCTE! T€OMETPUYHUX BJIACTUBOCTEN

3araJIbHUX BEKTOPHUX PO31IapPYBAHb Bl,[[ METPUKHN Ha PO3NIAPpOBAHOMY I'IpOCTOpi7 d TaAKOX 3HAXOI KEHHHA 3B7H3Ky MIX



BJIACTMBOCTSIMU 0a30BOTO MHOTOBU/Y i IIAPiB 3arajbHOr0 PO3LUIAPYyBaHHS, BUBUEHHS T€OMETPUYHUX BJIACTUBOCTEN
nepepisiB 3araJbHOro pO3LIAPyBaHHS AJIsI Pi3HUX THUIIIB y3araJbHEeHUX MeTPUK. O0'€KTOM IOCIiI)KeHHS €
reOMETPUYHI BJIACTUBOCTI IOTUYHUX PO3IIAPyBaHb PiMAaHOBUX MHOTOBUZIB Ta iX IIepepisiB 3 pisHMMU
nedopmanissmu metpuku Cacaki. [IpegMeramu ITOCTiIKEHHS! € y3arajbHeHHsI MeTpuKy Cacaki, reoie3nyHi JIiHii
IOTUYHOTO pO3IIapyBaHHS, OCOGIMBOCTI CacakieBOro MHOTOBULY, 4 TAKOXX FAPMOHIYHI, MiHiMasbHi Ta LiIKOM
reoJie3n4Hi BEKTOPHI 110J1s1. 3aBIaHHIMU JOCIiIKeHHs €: 1) y3arajibHeHHS CUrap COJIiTOHHOI MEeTPUKY Ha IOTUYHE
po3LIapyBaHHS; 2) OCiIKEeHHS Fe0ie3UYHNX JIiHiil JOTUYHOTO po3LapyBaHHs 3 [IOIIAPOBO CUrap COJIITOHHOIO
METPUKOI0; 3) NOCIiIPKEHHS TAPMOHIYHUX OJVHUYHUX BEKTOPHUX IOJIiB HA ONUMHUYHOMY JOTUYHOMY PO3lLIapyBaHHi
31 cKkpyuyeHolo MeTpuKolo Cacaki; 4) kiacudikalis JiBoiHBapiaHTHUX TApMOHIYHUX OOUHUYHUX BEKTOPHUX IOJIB, SKi
BM3HAYalOTh TAPMOHIUHI BilOOpaskeHHs! y BUNAJIKy BEPTUKAJIbHO MaCIITA00BAaHOI METPUKU Ha OOUHUYHOMY
IOTUYHOMY PO3LIApyBaHHI; 5) 3HaXOKE€HHS BUPa3y [1Jisl APYroi OCHOBHOI (OpMU MiIMHOTOBUAY, 110 33JAETHCS
OJVHWYHMM BEKTOPHUM IOJIEM, B ONMHUYHOMY JOTUYHOMY PO31IapyBaHHI piMaHOBOTO MHOTOBUAY 3 8-
HaTypaJbHOIO METPUKOIO; 6) 3HAXOMIKEHHSI YMOB, 32 SIKUX BilOOpa’KeHHS 10 33A€ThCSI OAUHUYHUM BEKTOPHUM
II0JIEM, B OIMHUYHOMY JOTUYHOMY PO3IIapyBaHHI PiMaHOBOIO MHOTOBUJY 3 §-HATypaJIbHOI METPUKOIO MOXXe OyTU
L[iTKOM Fe0e3NYHUM. [I715 OCiTyKeHHSI BUKOPUCTAHO MeTOoIU IrudepeHLlianbHOi reomMeTpii, piMaHOBOi reomeTpii,
IvdepeHLiaTbHUX PiBHSHb, MATEMATUYHOIO aHAJIi3y, JiHiNHO]I anre6pu, Teopii rpym Ta anre6p Jli. Poznin 1
IycepTalifHOi poOOTH IPUCBAYEHO 6A30BUM BiJOMOCTSIM 3 FeOMETPIi po3lIapoBaHUX IPOCTOPIB, @ TAKOXK OIJISIAY
sitepatypu. HaBeneHo 6a30Bi BiloOMOCTi 3 reOMeTpii JOTUYHOTO PO3IAPYBAaHHS Ta OAUHUYHOTO JOTUYHOTO
po3siapyBaHHs, KOHTAKTHUX MHOTOBUIB, METPMKM Cacaki, BEKTOPHUX I10J1iB Ha piIMaHOBOMY MHOTOBUJI| SIK
BimoOpaskeHb Ta MifMHOTOBU/IIB. 3pO6JIEHO OTJIS]], TAKUX TOHSTh, SIK TADMOHIYHICTb, MiHIMaJIbHICTD i I[ITKOM
reoJle3M4HICTh BEKTOPHOTO 110715 Ta BiloOpakeHHs. Po3ain 2 nucepTaniiiHoi po60Ty NPUCBSIYEHO y3arajabHEHIO
curap CoJIiTOHHOiI MeTpuku Piuapzga I'aminbToHa 5K gedopmanii merpruku Cacaki Ha JOTUYHOMY PO3IIApyBaHHI
piMaHoOBa MHOTOBUZY. YV IucCepTaliliHilil poOoTi Briepiie 6yJ0 JOCTiIKEHO y3arajlbHEeHHs MEeTPUKU CUTap COJIITOHA
l'aminbTOHA, IO € JBOBUMIPHMM MHOTOBUIIOM, SIK METPUKY Ha TOTMYHOMY pO3lIapyBaHHi. byJsio Blepiue BBeLeHO
IIOHSITTS "MOIIAPOBO CUTrap COJIITOHHOI AedopMalii meTpuku Cacaki" (260 "MomapoBo ramMiJIbTOHOBOI curap
COJIITOHHOI MeTPUKU") i OCIIiIPKEHO Te0e3MYHi JIiHii JOTUYHOTrO PO3IapyBaHHs 3 TAKOI0 METPUKoIo. Po3ain 3
IycepTalifiHOi poOOTH IPUCBIYEHO BUBYEHHIO FTaDMOHIYHMX OJMHUYHUX BEKTOPHUX I10JIiB HA OOUHUYHOMY
IOTUYHOMY pPO3IIapyBaHHi 3i CKpyueHOo meTpuKolo Cacaki. Y nucepTalliiiHiil poboTi Brieplie 6yj10 OIMCaHO
nedopmalii sIKi 36epiraloTb iCHyBaHHSI TApMOHIYHUX JIiBO-iHBAPiaHTHUX OOVMHUYHUX BEKTOPHUX I10JIiB Ha
TPUBHMIPHUX YHIMOZIYJISIpHUX rpymnax Jli 3 J1iBo-iHBapiaHTHOIO METPUKOIO Ta FAPMOHIYHUX BioOpakeHb, sKi
33[AI0THCS ONMHUYHYM BEKTOPHUM I10JIEM, ¥ BUTNIAJKY CKPY4eHOi MeTpuKU Cacaki Ha OIMHUYHOMY JOTUYHOMY
po3lLIapyBaHHi, @ TAKOX BIlepiIe 6yJI0 KIacK(iKOBAaHO TaKi BEKTOPHI [0JIsI Ta BiLOOPaKE€Hb y BUIMAIKy BEPTUKAIBHO
mMacmraboBaHoi MeTpPUKU. Po3in 4 guceprauiiiHoi po60TH NPUCBIYEHO BUBYEHHIO BUIAZKY, KOJIA HENapaseybHe
OJVIHAYHE BEKTOPHE I10JIe Ha piIMaHOBOMY MHOT'OBH]Ii BU3HAYA€ i30METPUYHE 3aHYPEHHS 3 PIMAHOBOIO g-
HaTypajbHOIO METPUKOIO HA OMHMYHOMY JOTUYHOMY PO3LIapyBaHHi. Y AucepTaliiiHiil po6oTi Bepie 6y1o
OOCJIiIKEHO LIIJIKOM re0le3M4HiCTh HeNnapasleJbHUX OGUHUYHUX BEKTOPHUX I10JIiB, 10 BU3HAYAIOTh i30METPUYHE
BKJIQJIEHHS, Ha K-KOHTaKTHOMY METPUYHOMY MHOTOBHJi 3 g-HATyPAJIbHOI METPUKOIO HA OIMHUYHOMY JJOTUIYHOMY
posuapyBaHHi. Takox BIieplie 6yJ10 OTPUMaHO BUPA3 [1JIs1 IpYyroi OCHOBHOI (OPMU BioOpakeHHs, 110 334a€ThCS
OJVHMYHUM BEKTOPHMM I10JIEM Ha PiMaHOBOMY MHOTOBU] 3 g-HATypaJIbHOI METPUKOIO HA OOMHUYHOMY
IOTUYHOMY po3lIapyBaHHi. [IpaKTUYHMM 3HaYEHHSIM OTPUMAHUX PE3yJIbTATiB € JONOBHEHHS HAsIBHUX PE3YJIbTATIB 3

reoOMeTpii po31IapOBaHUX IPOCTOPIB.

2. The thesis is devoted to the study of metrics of bundles, their properties, and their generalizations to a broader
class of metrics that lead to different geometries in the fibers and the entire tangent bundle. The standard metric
on the tangent bundle is the Sasaki metric, whose geometric properties are well known. However, in general, the
Sasaki metric possesses only the properties of a general Riemannian metric since, on the fibers, it coincides with
the metric of the base manifold. Nevertheless, one can generalize the Sasaki metric definition allowing the fiber
metric to be different from the base one. The main question, which has been and continues to be studied by many
renowned mathematicians, is: to what extent the new fiber-wise metric changes the geometry of the tangent



bundle? The aim of the study is to identify the dependence of the geometric properties of general vector bundles
on the metric of the bundle, as well as to establish the relationship between the properties of the base manifold
and the fibers of a general bundle. Additionally, the study explores the geometric properties of sections of a
general bundle for different types of generalized metrics. The object of the study is the geometric properties of
tangent bundles of Riemannian manifolds and their sections with various deformations of the Sasaki metric. The
subjects of the study are generalizations of the Sasaki metric, geodesic lines of the tangent bundle, properties of
the Sasakian manifold, as well as harmonic, minimal, and totally geodesic vector fields. The objectives of the study
are: 1) generalization of the cigar soliton metric to the tangent bundle; 2) investigation of geodesic lines in the
tangent bundle with a fiberwise cigar soliton metric; 3) study of harmonic unit vector fields on the unit tangent
bundle with a twisted Sasaki metric; 4) classification of left-invariant harmonic unit vector fields that define
harmonic maps in the case of a vertical rescaled metric on the unit tangent bundle; 5) derivation of the expression
for the second fundamental form of a submanifold defined by a unit vector field in the unit tangent bundle of a
Riemannian manifold with a g-natural metric; 6) determination of the conditions under which a map defined by a
unit vector field in the unit tangent bundle of a Riemannian manifold with a g-natural metric can be totally
geodesic. The study employs methods of differential geometry, Riemannian geometry, differential equations,
mathematical analysis, linear algebra, group theory, and Lie algebras. Section 1 of the thesis is devoted to
fundamental concepts in the geometry of bundles, as well as a literature review. It provides basic information on
the geometry of the tangent bundle and the unit tangent bundle, contact manifolds, the Sasaki metric, and vector
fields on a Riemannian manifold as maps and submanifolds. An overview of concepts such as harmonicity,
minimality, and totally geodesicity of vector fields and maps is also given. Section 2 of the thesis is devoted to the
generalization of Richard Hamilton's cigar soliton metric as a deformation of the Sasaki metric on the tangent
bundle of a Riemannian manifold. In the thesis, for the first time, a generalization of the Hamiltonian cigar soliton
metric, which is a two-dimensional manifold, was studied as a metric on the tangent bundle. The concept of
"fiberwise cigar soliton deformation of the Sasaki metric" (or "fiberwise Hamiltonian cigar soliton metric") was
introduced for the first time, and the geodesic lines of the tangent bundle with this metric were investigated.
Section 3 of the thesis is devoted to the study of harmonic unit vector fields on the unit tangent bundle with the
twisted Sasaki metric. In the thesis, for the first time, deformations preserving the existence of harmonic left-
invariant unit vector fields on three-dimensional unimodular Lie groups with a left-invariant metric and harmonic
maps defined by a unit vector field in the case of the twisted Sasaki metric on the unit tangent bundle were
described. Additionally, such vector fields and maps were classified for the first time in the case of the vertical
rescaled metric. Section 4 of the thesis is devoted to studying the case when a non-parallel unit vector field on a
Riemannian manifold defines an isometric immersion with the Riemannian g-natural metric on the unit tangent
bundle. In the thesis, the total geodesicity of non-parallel unit vector fields defining an isometric embedding on a
K-contact metric manifold with a g-natural metric on the unit tangent bundle was studied for the first time.
Additionally, for the first time, an expression for the second fundamental form of the map defined by a unit vector
field on a Riemannian manifold with a g-natural metric on the unit tangent bundle was obtained. The practical
significance of the obtained results lies in complementing the existing findings in the geometry of bundles.
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