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1. lucepTalito NPpUCBSYEHO NOCIIIKEHHI0O METPUK PO3LIAPOBAHUX IIPOCTOPIB, iXHIX BJACTUBOCTEM, Ta iX
y3araJibHeHb Ha OiJIbII IMPOKUI KJIaC METPUK SIKi IPU3BOJSATH 0 iHIIOi reoMeTpii B 1apax i BCbOMY JJOTUMHOMY
posiapyBaHHi. [IpypoiHOI0 METPUKOIO Ha IOTUYHOMY po3LIapyBaHHi € MeTpuka Cacaki, reOMeTpUYHi BJI1aCTUBOCTI
sKoi 1o6pe Binomi. Hacnpasgi x 3aranom meTtpuka Cacaki Mae i€ BJaCTUBOCTI 3arajibHOi piMaHOBOi METPUKHU, 60
Ha mapax meTpuka Cacaki criBnazae 3 METPUKOIO 6a30BOr0 MHOTOBUY. AJle MO>KHA y3arajlbHUTH BU3HAUYEHHS
MeTpuku Cacaki, 103BOJIMBIIN MeTPUIIi Ha Mapax Bipi3HATUCS Bif, 6a30B0i. ['0JI0BHUM NUTAHHSM, SIKUM 3aiiMasuics
i 3aliMalOThCS 6AraTo BiJOMUX MAaT€MAaTHUKIB, €: IK came HOBa JedopMoBaHa MeTpuKa Cacaki 3MiHIO€ FEOMETPII0
IOTUYHOTO PO3MAPYyBaHHA? METOI0 NOCIIiI)KEHHS € BUSIBJIEHHS 3aJIEXKHOCTE! FT€OMETPUYHUX BIaCTUBOCTEN
3arajibHMX BEKTOPHUX PO3IIapyBaHb BiJ METPUKY Ha PO3LIAPOBAHOMY IIPOCTOPI, a TAKOX 3HAXOKEHHS 3B'513Ky MK
BJIACTMBOCTSIMU 0a30BOTO MHOTOBU/Y i IIaPiB 3arajbHOro pO3LUIapyBaHHS, BUBUEHHS T€OMETPUYHUX BJIACTUBOCTEN
nepepisiB 3arajbHOrO po3apyBaHHs [J1s1 Pi3HUX TUIIIB y3araJibHEHUX MeTpUK. O6'€KTOM JOCIIiIKEHHS €

r€OMETPUYHI BJIACTUBOCTI IOTUYHUX PO3IIAPyBaHb PiIMAaHOBUX MHOTOBUJIB Ta iX NepepisiB 3 pisHMMU



nedopmanissmu metpuku Cacaki. [IpenmetamMu JOCTIIKEHHS € y3arajJbHeHHS MeTpuky Cacaki, reoie3uyHi JiHii
IOTUYHOTO pO3IIapyBaHHsI, OCOGJIMBOCTI cacakieBOro MHOT'OBULY, a TAKOXK FApMOHIYHIi, MiHIMasbHi Ta LisKoM
reoJie3M4Hi BEKTOPHI 110J1s1. 3aBAaHHIMU JOCiIpKeHHS €: 1) y3arajibHEeHHS CUrap COJIITOHHOI METPUKY Ha IOTUYHE
po3LIapyBaHHS; 2) HOCiIKEHHS Fe0e3UYHNX JIiHiil JOTUYHOrO pO3LIapyBaHHs 3 [IOIAPOBO CUrap COJIITOHHOIO
METPUKOI0; 3) JOCiIPKEHHS FTApMOHIYHMX OJUHUYHMAX BEKTOPHUX MOJIiB HA OAMHUYHOMY JOTUYHOMY PO3LIAPYBaHHI
31 cKpyueHolo MeTpuKolo Cacaki; 4) kiacudikallis JiBoiHBapiaHTHUX FapMOHIYHUX OJUHUYHUX BEKTOPHUX IOJIiB, SIKi
BM3HA4alOTh TAPMOHIUHI BilOOpa’KeHHs! y BUNAJIKYy BEPTUKAJIbHO MAaCIITAa00BAaHOI METPUKU Ha OOUHUYHOMY
IOTUYHOMY PO3LIAPYBaHHI; 5) 3HAXOAKE€HHS BUPa3y [Jisl APYroi OCHOBHOI (OpMU MiIMHOTOBUAY, 110 33JA€THCS
OJVHUYH/M BEKTOPHUM IOJIEM, B OIMHUYHOMY JOTMYHOMY PO3I1IapyBaHHI piMaHOBOTO MHOTOBUJY 3 8-
HaTypajbHOIO METPUKOIO; 6) 3HAXOMKEHHSI YMOB, 32 SIKUX BilOOpaXEHHS 10 33JA€ThCS OAUHUYHUM BEKTOPHUM
[I0JIEM, B OIMHUYHOMY JOTUYHOMY PO3IIAPyBaHHI PiMaHOBOTO MHOTOBUY 3 §-HATypPaJIbHOK METPUKOIO MOXe OyTU
L[iJIKOM reoie3nYHuM. JIj1s1 OCIiIpKEHHSI BUKOPUCTAHO MeToau IudepeHIialbHOI reOMeTpii, piMaHOBOiI reoMeTpii,
IvdepeHLiaJbHUX PiBHSIHb, MATEMATUYHOIO aHaJi3y, JiHilHOI anre6pu, Teopii rpyn Ta anreop Jli. Poznin 1
IYcepTalifHOi poOOTH NIPUCBAYEHO 6A30BUM BiJOMOCTSIM 3 FT€OMETPIi po3lIapoBaHUX IPOCTOPIB, @ TAKOXK OIJISIAY
sitTeparypu. HaBeneHo 6a30Bi BiloMOCTi 3 reoMeTpii JOTMYHOTO pO3lapyBaHHs Ta OUHUYHOTO JOTUYHOTO
po3lapyBaHHs, KOHTAKTHUX MHOTOBUJIiB, METPUKM Cacaki, BEKTOPHUX M0JIiB HA piIMaHOBOMY MHOTOBHJI SIK
BimoOpaskeHb Ta MifMHOTOBUiB. 3p0O06JIEHO OTJIs], TAKUX MOHSTh, SIK TADMOHIYHICTb, MiHIMaIbHICTD i I[ITKOM
reoJle3M4HICTh BEKTOPHOTO 110715 Ta BiloOpakeHH. Po3ain 2 nucepTauiiiHoi po60TH NPUCBSIYEHO y3arajabHEHIO
curap cositoHHoOi MeTpuku Pivapza 'aminbToHa siK gedopmatii MeTpuky Cacaki Ha JOTUYHOMY pO3IIapyBaHHi
piMaHOBa MHOTOBUZY. Y nucepTaliiiHill po6oTi Briepuie 6yJ10 JOCTiIKEHO y3araJlbHeHHs MEeTPUKU CUTap COJIiITOHA
I'aminbTOHA, IO € BOBMMiIPHMM MHOTOBUJIOM, SIK METPUKY Ha IOTUYHOMY po3llapyBaHHi. Bysio Bliepiie BBeieHO
MIOHSITTS "MOIIAPOBO CUTrap COJIITOHHOI AedopMalii meTpuku Cacaki" (a0 "MomapoBo ramiJILTOHOBOI cUrap
COJIITOHHOI MeTpUKK") i OCTIiI>)KeHO reoie31yHi JIiHii JOTUYHOTrO PO3IIapyBaHHs 3 TAKOI0 METPUKOI0. Po3ain 3
IycepTalifiHOi poOOTH IPUCBAYEHO BUBYEHHIO FTaDMOHIYHMX OJMHUYHUX BEKTOPHUX I10JIiB HA OOUHUYHOMY
IOTUYHOMY PO3MIapyBaHHi 3i CKpy4eHO MeTpuKolo Cacaki. Y nucepTauiiiHiii poboTi Brieplie 0yj10 OIIMCaHO
nedopmaliii siki 306epiraloTb icHyBaHHS FapMOHIUHUX J1iBO-iHBapiaHTHNUX OJMHUYHUX BEKTOPHUX I10JIiB Ha
TPUBUMIpPHUX YHIMOIYJISIpHUX rpymnax Jli 3 J1iBo-iHBapiaHTHOIO METPUKOIO Ta FApMOHIYHUX BiloOpaskeHb, sKi
33/1a10ThCS1 ONVHUYHYM BEKTOPHUM I0JIEM, Y BUNALIKYy CKpPy4eHOi MeTpuKU Cacaki Ha OIMHUYHOMY JOTUYHOMY
po3LIapyBaHHi, @ TAKOX BIlepILe 6yJI0 KIaCK(PIKOBAHO TaKi BEKTOPHI [OJISI Ta BiTOOPa’KEHb y BUIMAIKYy BEPTUKAIBHO
MacmTaboBaHoi MeTpuku. Po3min 4 nuceprauiiiHOi poOOTH IPUCBAYEHO BUBYEHHIO BUIIAIKY, KOJIM HellapajesibHe
OJVHMYHE BEKTOPHE I10JI€ Ha PIMaHOBOMY MHOT'OBU]Ii BU3HAYA€ i30METPUYHE 3aHYPEHHS 3 PIMAHOBOIO g-
HaTypaJbHOIO METPUKOIO HA OMHMYHOMY JOTUYHOMY PO3LIApyBaHHi. Y AucepTauiiiHiil po6oTi Bepe 6yy1o
JOCJIIPKEHO LIJIKOM I€0[e3UYHICTh HENIapaJIEJIbHUX OJUHNYHUX BEKTOPHUX I10JIiB, 110 BU3HAYAIOTh i30METPUYHE
BKJIQJIEHHS, HA K-KOHTaKTHOMY METPUYHOMY MHOTOBHJi 3 g-HATyPAJIbHOI METPUKOIO HA OIMHUYHOMY JJOTUIYHOMY
posimapyBaHHi. Takox BIiepiie 6yJI0 OTPUMAHO BUPA3 [1J1s IPYyroi OCHOBHOI (OPMU BioOpaKeHHS, 110 334a€ThCS
OJVHAYHIM BEKTOPHUM IOJIEM Ha PIMAaHOBOMY MHOTOBHJi 3 g-HATyPaJIbHOI0 METPUKOIO HA OIUHUYHOMY
IOTUYHOMY po3lIapyBaHHi. [IpaKTUYHMM 3HAYEHHSIM OTPUMAHUX PE3YyJIbTATIB € JONOBHEHHS HASIBHUX PE3YJIbTATIB 3

reoOMETpii po31IapOBaHUX IPOCTOPIB.

2. The thesis is devoted to the study of metrics of bundles, their properties, and their generalizations to a broader
class of metrics that lead to different geometries in the fibers and the entire tangent bundle. The standard metric
on the tangent bundle is the Sasaki metric, whose geometric properties are well known. However, in general, the
Sasaki metric possesses only the properties of a general Riemannian metric since, on the fibers, it coincides with
the metric of the base manifold. Nevertheless, one can generalize the Sasaki metric definition allowing the fiber
metric to be different from the base one. The main question, which has been and continues to be studied by many
renowned mathematicians, is: to what extent the new fiber-wise metric changes the geometry of the tangent
bundle? The aim of the study is to identify the dependence of the geometric properties of general vector bundles
on the metric of the bundle, as well as to establish the relationship between the properties of the base manifold
and the fibers of a general bundle. Additionally, the study explores the geometric properties of sections of a



general bundle for different types of generalized metrics. The object of the study is the geometric properties of
tangent bundles of Riemannian manifolds and their sections with various deformations of the Sasaki metric. The
subjects of the study are generalizations of the Sasaki metric, geodesic lines of the tangent bundle, properties of
the Sasakian manifold, as well as harmonic, minimal, and totally geodesic vector fields. The objectives of the study
are: 1) generalization of the cigar soliton metric to the tangent bundle; 2) investigation of geodesic lines in the
tangent bundle with a fiberwise cigar soliton metric; 3) study of harmonic unit vector fields on the unit tangent
bundle with a twisted Sasaki metric; 4) classification of left-invariant harmonic unit vector fields that define
harmonic maps in the case of a vertical rescaled metric on the unit tangent bundle; 5) derivation of the expression
for the second fundamental form of a submanifold defined by a unit vector field in the unit tangent bundle of a
Riemannian manifold with a g-natural metric; 6) determination of the conditions under which a map defined by a
unit vector field in the unit tangent bundle of a Riemannian manifold with a g-natural metric can be totally
geodesic. The study employs methods of differential geometry, Riemannian geometry, differential equations,
mathematical analysis, linear algebra, group theory, and Lie algebras. Section 1 of the thesis is devoted to
fundamental concepts in the geometry of bundles, as well as a literature review. It provides basic information on
the geometry of the tangent bundle and the unit tangent bundle, contact manifolds, the Sasaki metric, and vector
fields on a Riemannian manifold as maps and submanifolds. An overview of concepts such as harmonicity,
minimality, and totally geodesicity of vector fields and maps is also given. Section 2 of the thesis is devoted to the
generalization of Richard Hamilton's cigar soliton metric as a deformation of the Sasaki metric on the tangent
bundle of a Riemannian manifold. In the thesis, for the first time, a generalization of the Hamiltonian cigar soliton
metric, which is a two-dimensional manifold, was studied as a metric on the tangent bundle. The concept of
"fiberwise cigar soliton deformation of the Sasaki metric" (or "fiberwise Hamiltonian cigar soliton metric") was
introduced for the first time, and the geodesic lines of the tangent bundle with this metric were investigated.
Section 3 of the thesis is devoted to the study of harmonic unit vector fields on the unit tangent bundle with the
twisted Sasaki metric. In the thesis, for the first time, deformations preserving the existence of harmonic left-
invariant unit vector fields on three-dimensional unimodular Lie groups with a left-invariant metric and harmonic
maps defined by a unit vector field in the case of the twisted Sasaki metric on the unit tangent bundle were
described. Additionally, such vector fields and maps were classified for the first time in the case of the vertical
rescaled metric. Section 4 of the thesis is devoted to studying the case when a non-parallel unit vector field on a
Riemannian manifold defines an isometric immersion with the Riemannian g-natural metric on the unit tangent
bundle. In the thesis, the total geodesicity of non-parallel unit vector fields defining an isometric embedding on a
K-contact metric manifold with a g-natural metric on the unit tangent bundle was studied for the first time.
Additionally, for the first time, an expression for the second fundamental form of the map defined by a unit vector
field on a Riemannian manifold with a g-natural metric on the unit tangent bundle was obtained. The practical
significance of the obtained results lies in complementing the existing findings in the geometry of bundles.
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