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Pedepar:

1. Incepralist npucBsYeHa AOCHIIKEHHIO KIACUYHUX 33724 Teopii HabIrKeHHS o0 00YMCIeHHS TOIIePEeYHNKIB
dyHKLiOHANIBHUX KJACiB, oNTUMIi3aLii KBaApaTypHUX POpMYJ Ha Kilacax PyHKLiN ofiHiel i 6araTbox 3MiHHUX,
HaMKpaloro HabaMKeHHs! PYyHKIIiM 6araTbOox 3MiHHUX CIIJIallHAMU, HAaIKPaIlOMY BiJHOBJIEHHIO OII€PaTOPiB i
(yHKIiOHAaiB, Olep’KaHHIO TOYHUX HePiBHOCTeN Tuily Kosimoroposa 151 HOpM NoxinHux. B nepuomy posaini
PO3IJISIAAETHCS 3a7ja4a 00YMCIIeHHSI JIiHIHMX [ToTIepeYHUKIB KiaciB H ™o yHKLil, BUBHaUYeHUX Ha BifpisKy [0,1], saxi
MaIOTh 33JlaHy Ma’KOPaHTy 0 MOJYJIs1 HEIIEPEPBHOCTI B IIPOCTOPi HenepepBHUX QyHKIiH. [lonepeyHnKy 3a

Konmoroposum 1ux GyHKLIOHAJIBHUX KJaciB 6y 3HaigeHi B 1960-1970 pp., npoTe TOYHi 3HaY€HHS iX JiHIMHUX



[OTIEPEYHMKIB 3aJIMMIAIOThCS HeBitoMnMu. O64KCIeHO TOYHE 3HAYeHHS JIiHITHOTO 0OJHOBUMIPHOTO IIOTIEpEeYHUKA
kiacy H™ o ta fioro nepioguyHoro aHajiory B IPOCTOPi HerlepepBHUX (PYHKLIH. Lle 103BOJIMIIO BCTAHOBUTU HOBI
OLiHKM 3BEPXY JIIHIMHUX [TONEPEYHMKIB Kiacy H”™ 0 BUIIKUX MOPSIKIB, SIKi IOKPAILyOTh Bifomi oliHku. [TokasaHo, 1m0
i OLIIHKY € TOYHMMU Ha IIKXPOKOMY KJIACI JIiHIMHKUX METOLIB — OAATHUX MiHieZpaJbHUX METOLiB, O3HAYeHa Ta
06unCIeHa HOBA allpOKCUMATHBHA XapaKTePUCTHKA, CIIOPiHEHA BiJHOCHUM NIOIIEPEYHUKAM. B npyromy posaini
PO3IJISIAAEThCS 3a7a4a onTuMizalii kBagpaTypHux ¢opmy. B 1980 pp. 6y10 moseneHo, o Gopmysia PSIMOKYTHUKIB
€ HaKpalllol KBaJpaTypHoIo (popmyiolo Ha kiaci aropTok K*F sigep K, mo He 36inbl1ye ocuuisLiio, 3 IEPECTaBHO
iHBapiaHTHMMU MHOXMHaMU F niepiognyHux QyHKUINA. 3ayBa>)KUMO, 110 KJIACH 3TOPTOK Y3arajabHIOIOTb 6araTo
BaXJIMBUX QYHKIIOHAIIbHUX KJIACIB, HAaNpuKJiak, Kjaacu CoboseBa. lleil pe3yabTaT NOMKPEHO Ha 337a4y ONTUMIizallii
iHTepBaJIbHUX KBaJlpaTypHUX (POPMYJI Ta LOBENEHO ONITUMAJIBHICTD iHTepBabHOI GOPMYJIU NPSIMOKYTHHUKIB —
dopmynu 3 piBHMMU KoedillieHTaMU Ta piBHOBiIaIeHUMU By3JlaMU — Ha Kinacax K*F. Kito4oBolo 15 OTpUMaHHA
3a3HAYEHOr0 Pe3yJbTaTy € HOBA BJIACTUBICTD si7pa CTEKIOBA He 361/1bIIYyBaTH OCLUJIALLIO B 3TOPTLi 3 By3bKUM
KJ1acoM (PYHKLH, SKi MOXKHA 300pa3UTU y BUIJISIAL Pi3HUL IBOX HECUMETPUYHUX CIJIaliHIB HYyJIbOBOT'O IIOPSIKY.
Taxosx po3B’si3aHa 3ajaya ONTUMi3allil KBaApaTypHUX POPMYJI, sIKi BAKOPUCTOBYIOTh B IKOCTI iHpopMaliii npo
nifiHTerpanbHy QyHKIIO ii ycepeJHEHHS B3IOBXK II€PETUHIB 00JIACTI BU3HAYEHHS 3 TiepIJIOLMHAMY 3a1aHO1
BMMIipPHOCTI Ha Kylacax QyHKLiN 6araTbox 3MiHHUX, 33JaHMX MaXXOPaHTOIO MOIyJis HETIePEPBHOCTI a0 0OME>KEHHSIM
Ha YaCTHHHI [OXiJHi. B TpeTbOMY pO37ijii BUBYA€THCH 3a7ja4a BCTAHOBJIEHHS ACUMIITOTUYHOI IIOBEIiHKN
HaMKpaloro HabMKeHHs PYyHKIi 6araTbox 3MiHHUX cnimaiiHamMy. OTpMMaHa TOYHA aCUMITOTHKA TOXUOKU
HalKpauoro (o,0)-HeJliHiTHOro HaGIVKEeHHS ONYKIUX (PYHKIiH ABOX 3MiHHUX JIIHIHTHMMU HEIEPEPBHUMU CIIJIaliHaMu1
B T€pMiHax KiJIbKOCTi eJleMeHTIB TpiaHryssuiil. JJocinkeHHsI HeCUMETPUYHUX HabJIKeHb JO3BOJIsIE PO3IJIsiaTh
3BMYAlHI Ta OJHOCTOPOHHI HAOJIVKEHHS 3 €IMHOI TOYKHM 30py. BaXk/IMBUM KPOKOM B JJOBEEHHI 11bOIO PE3YJIbTATy
OyJ10 PO3B’sI3aHHAs1 €KCTPEMAJIBHOI 331aui PO HaliKpallle HECUMETPUYHE HAOVDKEHHS JOJATHO BU3SHAYEHO]
KBapaTU4yHOi popmu JiHINHMMYU QYHKIIIMU Ha cUMILIeKcaX. TakosK, po3IJIsaeThCs 3asia4a TpaHCPiHITHOI
iHTepniossyii PpyHKLiNA 6araTboX 3MiHHUX FapMOHIYHMMU CIIJIaliHaMU. 3HaN€HO TOYHUM NIOPSI0K aCUMIITOTUYHO]
NOBEJiHKY HaMKpaloi inTepnossuii kinacy W_o~A (Q) B meTpuui L_q rapMOHIYHUMU CIIJIalHAMU Ta AOBEAEHO,
10 el TIOPSOK He 3aJIeXKUTh Bifl BAMIPHOCTI MPOCTOPY BU3HAY€HHA (PYHKIiiA. B ueTBepTOMy po3aii
IOCTiIKY€eThCS 33/iaya HaKpalloro BiIHOBJIEHHS OllepaTOopiB 32 TOYHOIO ab0 HETOYHOIO iHpopMalieto. 3HaiIeHO
IIOXMOKY HAKpalloro BifHOBJIEHHS kiacy W_"2 (G) pyHKLill 6araTboX 3MiHHUX, BUBHAYEHUX HA OIYKJIOMY TiJi
GoR”™d Ta Takux, 0 MalTh PIBHOMIPHO OOMEXEHI MOXiAHI 32 JOBIILHMX HAIIPSIMKOM JIPYTOTO TOPSIIKY 32
3HaYeHHsAMU (PYHKLIN Ta iX rpafiieHTiB B 3a/1aHill CKiHYeHHill cucTeMi TO4oK. TakoxX po3B's3aHa 3a/1aya HalKpaoro
BiZJHOBJIEHHSI iHTETpajIbHUX OIIEPATOPiB 3 HEBiJ EMHUMU SIpaMU Ta CYM TaKUX OIIEPATOPiB Ha Kjacax QyHKIH,
BM3HAUYE€HMX Ha KOMIIaKTaX METPUYHUX IPOCTOPIB, SIKi MAIOTh 33aHy MaXXOPAHTy MOAYJIs1 HEIIEPEPBHOCTI 3a
indopmalieto npo 3Ha4eHHs PYHKIiH B 3a7jaHiil CKiHY€HHIl cucTeMi TOUOoK. [T'ITUil po3zin NpucBsiYeHO
HepiBHOCTsM Tully KosiMoroposa Ta criopinHeHil 3azadi npo Halikpalie HabaKeHHs ollepaTopiB JiHINHUMU
0oOMe>xeHUMHU. 3HaiijleHa HOoBa TOYHA HepiBHICTb TUIly KoJIMOropoBa, 10 oLiHioe L_c0-HOpMY ApO6OBOi OXiHOI B
cmucii Mapuo ¢yHKUiN, BU3HAYEHOI Ha HeBiJeMHill HamiBoci, B TepMiHax L_oo-Hopmu camoi QpyHKuii Ta L_s-
HopmH ii mpyroi noxinHoi. OTpumaHo HOBI TOYHI HepiBHOCTI Tuy Kosimoroposa 151 HOpM HOXiIHUX a6COIOTHO
MOHOTOHHMX Ta KpPaTHO MOHOTOHHUX (PYHKLIiN, BUBHAYEHUX Ha CKIHYEHHOMY Bifipi3Kky. Kpim Toro, po3s’sizana
3a/iaya Ipo HalKpalle HabaVbKeHHs AudepeHIialbHIX ONlepaTopiB EPIIOro Ta APYroro NOPsIKiB Ha Kacax
(yHKLii1, BU3HUEHUX Ha CKIHYEHHOMY BifIpi3Ky, sIKi MaloThb 200 OOMEXKEHY APYTy MOXifHYy B IpocTopi L_p un
npoctopi OpJiiua, a6o0 06Me>KeHy TPeTIO NOXiHY B ITpoCTOpi L_ .

2. The thesis is devoted to investigation of classical problems in Approximation Theory on calculating the widths of
functional classes, optimization of quadrature formulas on classes of univariate and multivariate functions, the
best approximation of multivariate functions by splines, the best recovery of operators and functionals, obtaining
sharp Kolmogorov type inequalities for the norms of derivatives. In the first chapter we consider the problem of
finding linear widths of classes H™no of functions defined on the interval [0,1] and having given majorant o for its
modulus of continuity in the space of continuous functions. Kolmogorov widths of these functional classes were
found in 1960-1970’s but exact values of their linear widths remain unknown. We find exact values of the first order



linear widths of classes H" o and its periodic analogues in the space of continuous functions. This allows
establishing new upper estimates for higher order linear widths of classes H™ o that improve known estimates. We
show that these estimates are sharp on a wide class of linear methods - positive minihedral methods, define and
calculate new approximative characteristics that is close to relative widths. In the second chapter we consider the
problem of optimization of quadrature formulas. In 1980’s it was proved that the rectangle formula is the best
quadrature formula on convolution classes K*F of variation diminishing kernels K with rearrangement invariant
sets F of periodic univariate functions. Note that convolution classes generalize many important functional classes,
e.g. Sobolev classes. We extend this result onto the problem of optimization of interval quadrature formulas and
prove optimality of interval rectangle formula - the formula with equal coefficients and equidistant centers of
node intervals - on classes K*F. The key part in establishing our result is played by new variation diminishing
property of the Steklov kernel on a narrow class of functions that can be represented as the difference of
asymmetric perfect splines of zero order. Also, we solve the problem of optimization of quadrature formulas that
use as information about the integrand functions the averages over intersections of its domain with hyperplanes of
given dimension on the classes of multivariate functions defined by either the majorant for its modulus of
continuity or the limitations on the norms of partial derivatives. In the third chapter we study the problem of
finding the asymptotic behavior of the best approximation of multivariate functions by splines. We establish sharp
asymptotics of the error of the best nonlinear (o,0)-asymmetric approximation of convex bivariate functions by linear
continuous splines in terms of the number of elements of triangulations. Study of asymmetric approximations
allows us to consider regular and one-sided approximations under one perspective. Important step in proving this
result was to solve extremal problem of the best asymmetric approximation of a positive definite quadratic form by
linear functions on simplices. Also, we consider the problem of transfinite interpolation of multivariate functions
by harmonic splines. We find exact order of asymptotic behavior of the best interpolation of the class W_o"™A (Q)
in L_g-metric by harmonic splines and prove that this order does not depend on the dimensionality of the space
where the functions are defined. In the fourth chapter we investigate the problem of optimal recovery of operators
given exact or non-exact information. We find the error of optimal recovery of class W_o"2 (G) of multivariate
functions defined on a convex body GoR™d and having uniformly bounded second order directional derivatives
given the values of functions and its gradients in a fixed finite system of points. Also, we solve the problem of
optimal recovery of integral operators with non-negative kernels and sums of such operators on classes of
functions defined on compacts of metric spaces and having a given majorant for its modulus of continuity given
non-exact information on the values of functions in a fixed finite system of points. We devote the fifth chapter to
Kolmogorov type inequalities and related problem of the best approximation of operators by linear bounded ones.
We find a new sharp Kolmogorov type inequality estimating L_o-norm of the Marchaud fractional derivative of a
function defined on non-negative half-line in terms of L_c-norm of the function itself and L_s-norm of the
second order function derivative. We obtain new sharp Kolmogorov type inequalities for the norms of derivatives
of absolutely monotone and multiply monotone functions defined on a finite interval. In addition, we solve the
problem of the best approximation of first and second order differentiation operators on the classes of functions
defined on a finite interval and having either second order derivative bounded in the space L_p or the Orlicz space
or third order derivative bounded in the space L_ .
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