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Pedepar:

1. Incepralist NpUCBsAY€HA AOCHIIPKEHHIO KJIACUYHUX 337,24 TeOoPii HabIMKEHHS 00 OOYUCIIEHHS IONIEPEYHNUKIB
(yHKIiOHANBbHUX KJIaciB, onTuMizanii kBagpatypHux GpopmyJl Ha Kiacax (PyHKIii ofHiel i 6araTbox 3MiHHUX,
HaMKpauoro HabIKeHHs QPYHKIIi 6araTbox 3MiHHUX CIIJIalfHaMU, HAaKpaIloMy BiZJHOBJIEHHIO OI1epaTopiB i
(dyHKLiOHAJIB, Ofep>KaHHIO TOYHUX HEpiBHOCTEN TUIy KosiMoroposa 1151 HOpM NOXigHUX. B nepmomy posaiini
PO3IJISIAAETHCS 3aja4a OOYMCIIEHHS JIiHIHMX NTONIEPeYHMKIB KiaciB H™ o ¢yHKUil, BU3BHaY€HUX Ha Bifpisky [0,1], sxi
MAaIOTh 33/1aHy MaXKOPaHTY 0 MOZYJIsl HETIEPEPBHOCTI B IPOCTOPi HenepepBHUX (PYHKLiiA. [TonepeyHuku 3a
Kosmoroposum 1jux GyHKIiOHANIBHUX KiaciB Oysu 3HaigeHi B 1960-1970 pp., NpoTe TOYHi 3HaYeHHS iX JIiHIHHAX
[IOTNIEPEYHUKIB 3aJIMMAIOTHCS HeBitoMMU. O64UCIIEHO TOYHE 3HAYEHHS JIiHIHOTO OJHOBUMIPHOIO NIONIE€PEYHHUKA
kiacy H™ o ta i1oro nepioguyHoro aHajiory B IpOCTOPi HeNepepBHUX (PYHKLIN. Lle 103BOJINIIO BCTAHOBUTU HOBI

OLiHKY 3BEPXY JIHIHUX [TONEePEYHMKIB Ki1acy H”™ 0 BUIIUX NOPSIKIB, SIKi MOKPAILyOTh Bifomi oLiHku. [TokasaHo, mo



i OLiHKM € TOYHVMMU Ha MMPOKOMY KJIACi JIiHIMHMX METO/IB — NOLATHUX MiHiepa/lbHUX METOLiB, O3HAYEHA Ta
ob4KCcsIeHa HOBA allpOKCUMaTHBHA XapaKTepUCTUKA, CIIOPiIHeHa BilHOCHUM I10NlepeyHrKam. B npyromy posnini
PO3IJISIAAEThCS 3a7ja4a onTUMizallii KBagpaTypHux ¢opmy. B 1980 pp. 6ys10 noBeneHo, o GopmyJia PSIMOKYTHUKIB
€ HaKpallo KBaJpaTypHOIO (popmMyJioro Ha kiaci 3ropTok K*F sigep K, mo He 36i1bl1ye ocuuisLiio, 3 IEPECTaBHO
iHBapiaHTHMMU MHOXMHamU F nepiognynux QyHKLiA. 3ayBaXkMMO, 110 KJIACU 3TOPTOK y3arajbHIOITb 6arato
BaXJIMBUX QYHKIIOHAIBHUX KJIACIB, HanpuKiam, kjaacu CobosieBa. lleil pe3yabTaT NOMMPEHO Ha 3a7a4y ONTUMizallii
iHTepBaJIbHUX KBaJIpaTypHUX (POPMYJI Ta NOBEAEHO ONTUMAJIBHICTD iHTEPBa/IbHOI (OPMYJIIN NPSIMOKYTHHUKIB —
(opmyinnu 3 piBHUMU KoedillieHTaMU Ta PiBHOBiIAaeHUMH By3JlaMU — Ha kyacax K*F. KiouoBo1o 1151 OTprMaHHS
3a3HaY€HOr0 pe3yJIbTaTy € HOBA BJIACTUBICTS simpa CTEK/IOBA He 301/IbIIyBAaTU OCLIMJIALIIO B 3TOPTLI 3 By3bKUM
KJIacOM (PYHKLIH, SKi MOXKHA 300pa3UTU y BUIJISIAL Pi3HUL IBOX HECUMETPUYHMX CIJIAliHIB HYJIbOBOT'O IIOPSIKY.
Takoxx po3B’si3aHa 3aiaya onTuMizalii KBagpaTypHUX GOpMYyJI, SIKi BAKOPUCTOBYIOTb B SIKOCTI iHpopMaliii mpo
niginTerpanbHy QYHKIIO ii ycepegHeHHS B3OBX [1€PETHHIB 06J1aCTi BUSHAYEHHS 3 TilepIyIolMHaMU 3a/1aHO1
BMMIipPHOCTI Ha Kjlacax QyHKLiN 6araTbox 3MiHHUX, 33JaHMX MaXXOPaHTOIO MOJIyJIs HEIIEPEPBHOCT a0 0OME>KEHHSIM
Ha YaCTMHHI [IOXiJHi. B TpeTbOMY pO37ijli BUBYA€ThCH 3a7ja4a BCTAHOBJIEHHS ACUMIITOTUYHOI IIOBEIiHKN
HaWKpamoro HabnKeHHs QYyHKIi 6araTbox 3MiHHMX crizlaiiHamMyu. OTpUMaHa TOYHA AaCUMIITOTHKA MTOXUOKHU
HaMKpauoro (O,0)-HeJliHiHHOTo HabGIMKeHHS ONYKJIMX QYHKIIN NBOX 3MiHHUX JIIHINHUMY HellepepBHUMMU CIJIaliHaMU
B T€pPMiHax KiJIbKOCTi eJIeMeHTIB TpiaHTyssuiil. JJocii)KeHHsI HEeCUMETPUYHUX HAaOJIKeHb JO3BOJIsIE PO3IJIsIaTh
3BMYAlHI Ta OJHOCTOPOHHI HAOJIMKEHHS 3 €IMHOI TOYKY 30pY. BaXK/IMBUM KPOKOM B OBEJE€HHI LIbOTO PE3YJIbTaTy
OyJ10 po3B’sI3aHHAs €eKCTPEMAJIBHOI 3a7ja4i IIPO HalKpalle HEeCUMETPUYHE HaGIVDKeHHS JOJATHO BU3HAYEHO1
KBaipaTU4yHOi popmu JiHINHMMHU QYHKIISIMU Ha cUMILIeKcaX. TakosK, po3IiisiaeThCsl 3aa4a TpaHCPiHITHOI
inTepniossyii pyHKLiNA 6araTbox 3MiHHUX FapMOHIYHMMU CIIJIalHaMU. 3HaN€HO TOYHUI NOPSA0K aCUMIITOTUYHO]
NOBEJiHKY HAMKpaloi iHTepnosauii kiacy W_o"A (Q) B meTpuui L_q rapMOHIYHMMH CIIJIAHAMU Ta JOBEAEHO,
IO LIeH IIOPSIOK He 3aJIe>KUTh Bifl BUMipHOCTI IPOCTOPY BU3HaYeHHs PyHKLiN. B yeTBepTOMYy po3mii
IOCTiIKY€eThCS 33/iaya HalKpallloro BiIHOBJIEHHSI OIlePaTOpPiB 32 TOYHOIO a00 HETOYHOIO iHpopMalieto. 3HaiIeHO
NOXMOKY HaMKpaIoro BifHOBJIEHHS Kiacy W_"2 (G) ¢pyHKLill 6araTbOX 3MiHHUX, BUBHAYEHUX HA OIYKJIOMY TiJli
GoR™d Ta Takux, 110 MalOTh PiIBHOMIPHO OOME>KeHi MOXiiHi 32 JOBIIbHUX HAIIPSIMKOM JIPYTOTO MOPSIAKY 32
3HauYeHHSIMU (PYHKLIN Ta iX rpafiieHTiB B 3a/iaHill CKiHYeHHill cucTeMi TouoK. TakoxX po3B'sa3aHa 3a/a4ya HalKpaloro
BiJHOBJIEHHSI iHTETpajIbHUX ONEPATOPIB 3 HEBiJJEMHUMU SIpaMU Ta CYM TaKUX OIIEPATOPiB Ha Kjacax PyHKIH,
BM3HAUYE€HMX Ha KOMIIaKTaX METPUYHUX IPOCTOPIB, SIKi MAIOTh 3aaHy MaXXOPaHTy MOAYJIs1 HENIEPEPBHOCTI 3a
indopmaniero npo 3HaueHHs QYHKIIN B 331aHil CKiHUEHHI cucTemi TO4OK. [T'ITHil po3ais IpUCBIYEHO
HepiBHOCTsIM TuIly KosiMoroposa Ta criopifiHeHil 3azadi npo Halikpale HabaKeHHs OllepaTopiB JIiHINHUMU
0OMe>XeHUMHU. 3HalileHa HOBAa TOYHA HePiBHICTb TUIly KOJIMOrOopoBa, Mo OLiHIoe L_c0-HOpMY APOOOBOi OXiIHOI B
cmucii Mapuo ¢yHKUiN, BU3HAYEHOI Ha HeBiJeMHill HamiBoci, B TepMiHax L_oo-Hopmu camoi QpyHKuii Ta L_s-
Hopmu ii apyroi noxinHoi. OTpuMaHo HOBI TOYHI HepiBHOCTI Ty Kosimoroposa /1J1s1 HOpM IOXiIHUX a6COIOTHO
MOHOTOHHMX Ta KPaTHO MOHOTOHHHUX (PYHKLIiM, BUBHAYEHUX HA CKIHYEHHOMY Bifipi3Ky. Kpim Toro, po3s’sizana
3a/iaya Ipo HalKpalle HabaVbKeHHs AudepeHLiaIbHUX ONePaTOpPiB NEPIIOro Ta APYroro NOPsIKiB Ha Kacax
dyHKILil, BU3HYEHNX Ha CKIHUEHHOMY BiZIpi3Ky, SIKi MaIOTh 260 0OMEXKeHy Apyry MOXigHy B mpoctopi L_p uu
npoctopi OpJiua, a6o0 06Me>XeHy TPeTIO IIOXiHY B ITPOoCTOpi L_ .

2. The thesis is devoted to investigation of classical problems in Approximation Theory on calculating the widths of
functional classes, optimization of quadrature formulas on classes of univariate and multivariate functions, the
best approximation of multivariate functions by splines, the best recovery of operators and functionals, obtaining
sharp Kolmogorov type inequalities for the norms of derivatives. In the first chapter we consider the problem of
finding linear widths of classes H"no of functions defined on the interval [0,1] and having given majorant o for its
modulus of continuity in the space of continuous functions. Kolmogorov widths of these functional classes were
found in 1960-1970’s but exact values of their linear widths remain unknown. We find exact values of the first order
linear widths of classes H™ o and its periodic analogues in the space of continuous functions. This allows
establishing new upper estimates for higher order linear widths of classes H" o that improve known estimates. We
show that these estimates are sharp on a wide class of linear methods - positive minihedral methods, define and



calculate new approximative characteristics that is close to relative widths. In the second chapter we consider the
problem of optimization of quadrature formulas. In 1980’s it was proved that the rectangle formula is the best
quadrature formula on convolution classes K*F of variation diminishing kernels K with rearrangement invariant
sets F of periodic univariate functions. Note that convolution classes generalize many important functional classes,
e.g. Sobolev classes. We extend this result onto the problem of optimization of interval quadrature formulas and
prove optimality of interval rectangle formula - the formula with equal coefficients and equidistant centers of
node intervals - on classes K*F. The key part in establishing our result is played by new variation diminishing
property of the Steklov kernel on a narrow class of functions that can be represented as the difference of
asymmetric perfect splines of zero order. Also, we solve the problem of optimization of quadrature formulas that
use as information about the integrand functions the averages over intersections of its domain with hyperplanes of
given dimension on the classes of multivariate functions defined by either the majorant for its modulus of
continuity or the limitations on the norms of partial derivatives. In the third chapter we study the problem of
finding the asymptotic behavior of the best approximation of multivariate functions by splines. We establish sharp
asymptotics of the error of the best nonlinear (o,0)-asymmetric approximation of convex bivariate functions by linear
continuous splines in terms of the number of elements of triangulations. Study of asymmetric approximations
allows us to consider regular and one-sided approximations under one perspective. Important step in proving this
result was to solve extremal problem of the best asymmetric approximation of a positive definite quadratic form by
linear functions on simplices. Also, we consider the problem of transfinite interpolation of multivariate functions
by harmonic splines. We find exact order of asymptotic behavior of the best interpolation of the class W_o"™A (Q)
in L_g-metric by harmonic splines and prove that this order does not depend on the dimensionality of the space
where the functions are defined. In the fourth chapter we investigate the problem of optimal recovery of operators
given exact or non-exact information. We find the error of optimal recovery of class W_"2 (G) of multivariate
functions defined on a convex body GoR™d and having uniformly bounded second order directional derivatives
given the values of functions and its gradients in a fixed finite system of points. Also, we solve the problem of
optimal recovery of integral operators with non-negative kernels and sums of such operators on classes of
functions defined on compacts of metric spaces and having a given majorant for its modulus of continuity given
non-exact information on the values of functions in a fixed finite system of points. We devote the fifth chapter to
Kolmogorov type inequalities and related problem of the best approximation of operators by linear bounded ones.
We find a new sharp Kolmogorov type inequality estimating L._c-norm of the Marchaud fractional derivative of a
function defined on non-negative half-line in terms of L_c-norm of the function itself and L_s-norm of the
second order function derivative. We obtain new sharp Kolmogorov type inequalities for the norms of derivatives
of absolutely monotone and multiply monotone functions defined on a finite interval. In addition, we solve the
problem of the best approximation of first and second order differentiation operators on the classes of functions
defined on a finite interval and having either second order derivative bounded in the space L_p or the Orlicz space
or third order derivative bounded in the space L_ .
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