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1. Incepraniiiny po60Ty IPUCBSIYEHO AOCHIIKEHHIO HEJIIHIHIX CUCTEM, IO € JIHIMHUMU 33 KEPyBaHHSM, 3
OJHOBUMIpHUM i 6araTOBUMipHUM BUXOJOM Ta ixHiX OJHOPITHUX anTpoKcuMaliil. [lepuuit po3nin aucepraniiiHoi
PO6OTH IPUCBSTYEHUN OTIJISAY BiIOMUX PE3YJbTATIB 3 TEOPIii HEJIIHITHNUX KEPOBAHUX CUCTEM, 5Ki € OCHOBOIO JJIs1
MOJAJIbIINX AOCIIIKEHb. [Ipyruil po3aisl IPUCBSIYEHUI JOCIIIIPKEHHIO CUCTEM 3 OJHOBUMIPDHMM BUXOZOM, 30KPEMA,
3HAXO/’)KEHHIO OTHOPiNHOI arlpokcumaliii MinimanbpHoi peasnizaii psny. BBogsSTbhCst Ta 00rOBOPIOIOTHCS PSIAU
iTepOBaHMX iHTErpasis, AKi IPEeACTaBIILgI0Th CUCTEMU 3 BUXOLOM, i JOCIIIKYIOTbCS MiHIMaJIbHi peasisanii
peasni3oBHUX pAaniB. OTpUMaHUil Takui KiacudikalilHAN pe3yabTaT: 6yIb-sKa rpagyioBaHa niganreopa Jli
CKiHYEHHOI KOPO3MipHOCTI € KOpeHeBoIo mifanre6poto JIi MiHiManipHOI peanizauii 1esIKoro OlHOBUMipHOTO psay, a
po3MipHicTb Liiei peanizaliii JopiBHIO€ Kopo3mipHOCTi niganre6pu Jli. JJoBeeHHsSI KOHCTPYKTUBHE: [10Ka3aHO, SIK
nobyyBaTy BiANoOBinHUN psif,. TpeTiil po3ais NPUCBIYEHN OGHOPIGHIN anpoKCUMallil OGHOBUMIDHUX PSiB
iTepOBaHMX iHTerpasiB i 3a71a4i MBUAKOIIL AJI1 CUCTEM 3 ONHOBUMIPHUM BUXOLOM. CIIOYaTKy AOCIIIKYIOTbCS

OOHOPimHI psmy i ix MiHIManbHI peasisarliii; 1le BKJII0Ya€e aHaJi3 KopeHeBux mimanre6p Jli MiHiManpbHUX peasisamiil Ta



BiATIOBiTHYX JIiBUX ifeasniB. 30KpeMa, HaBeJleHUH Croci6 1106ynoBY BiATIOBITHOTO JIiBOTO ifjeany K MaKCUMaJIbHOTO
(y ceHci BKJIIOYEHHS) JIiBOTO ifieasty, OpTOrOHAJILHOTO O HOPinHOMY psny. asi BBOLUTHCS [IOHATTS OGHOPITHO]
anpokcuMmalii 0HOBUMIPHOTO pAy: OJHOPIZHOIO allpOKCUMALII€I0 Ha3UBAETLCS CyMa YIEHIB MiHIMaJIbHOTO
nopsiaKy. JOCiIKeHO 3B'930K alre6paiyHuX BJIACTUBOCTEN BUXiZHOTO Py i MOro OJHOPiAHOI anpoKcuMalliii,
30KpEeMa, 3B'130K MiX iXx KOpeHeBUMHU mimanredpamu Jli, a Takok HaBOAUTHCS Kiacudikalis Takux nap niganre6p Ji.
Kpim Toro, y posnini 3 focsinkeHo 3anady MBUAKOII 111 OAHOPIAHUX PsAiB abo, 1110 Te X caMe, OHOPinHUX
CHCTEM 3 OJJHOPiIHUM OJHOBUMIPHUM BHXOJOM, 3alIpOIIOHOBAHO METO]], BU3HAUYEHHS MiHiMaIbHOTO Yacy
IOCSITHEHHS 3a/IaHOTO CTaHy CUCTEMHU 32 JONIOMOTrOI0 aHaJli3y BiMIOBIZHOTO (PYHKLiIOHATY HA MHOXKUHI TOITyCTUMUX
KepyBaHb. Jlaji HOCHiIKeHO allpOKCUMAlLilo B CEHCI mBUAKOAII. JloBeIeHO, 0 KOJIU 3HaYE€HHS BUXONY NIPSIMYE J10
HYJIS1, ONITMMaJIbHUI Yac AJ1s1 BUXiTHOI CUCTEMU Ta ONTMMAaJIbHUI Yac AJ1d il ogHOPigHOI arpokcuMmaliii
ACUMITOTUYHO €KBiBajieHTHi. KpiM Toro, 1oBeneHo, 10 3a IeBHUX YMOB ONTUMAaJIbHI KepyBaHHS OJHOPiAHOI
arpokcumallii HabIMKaTh ONTUMAJIbHI KepYBaHHS BUXiHOI cucTemu. Lle nigTBepikye e(peKTUBHICTb OAHOPIIHO]
arpokcumaliii pu po3B’s3aHHi 3a7ja4 KepyBaHHS JUHaMiYHMMU cucTemamu. HapeTi, 3aaya ontTumanbHOI
WIBUAKOAIL 1718 OZHOPIIHOrO OJHOBUMIPHOTIO PALY PO3IVISALAETLCA K 3a7a4a ONTUMi3alil y HECKiHYEHHOBUMIDHOMY
[IPOCTOPI, 110 JO3BOJISE 3alIPONIOHYBATH HIINH LUIAX PO3B'A3aHHA 3a1ay4i BUAKOLIL. YeTBepTuil po3min
IIPUCBSIYE€HO PO3BMHEHHIO OTPMMAaHUX Pe3yJIbTaTiB Ha BUIANOK peasi30BHUX PSLiB NOBiIbHOI po3mipHOCTi a0, 0
T€e X caMe, CUCTeM 3 6araTOBUMipHUM BUXOZIOM. Po3risiatoTecst GopMasibHi psiiv 3 BEKTOPHUMU KoedillieHTaMu .
CrnoyaTKy BBOAUTBCS IIOHSTTS MiHiMaIbHOI YaCTUHU pALy i popmabHOi PYHKI, 0 BU3HAYEHA 32 OIIOMOTHU
Tacyoo4oro nobyTky. JloBeneHo, o JiiBU ifeas, SKUN BiANOBigae psay, OPTOrOHAIbHMI MiHIMaIbHIN YacTrHI OyIb-
sxoi popmasibHOI PyHKLII Bif psiy. BBOAUTHCS IOHSTTS OLHOPiAHOI anpokcuMallii psany 3 KoedilieHTamu
IOBiJIbHOI BUMIPHOCTI, SIK€ y3arajbHIOE K BUIIAIOK OGHOBAMIPHOIO BUXOZY, TAK i BUNIaJ0K TPUBiaJIbHOTO BUXOLY;
3aMPONOHOBAaHUI METOJ, TOOYAOBU OJHOPiTHOI anpokcumallii. Lle BUSHa4Y€HHS IPUBOIUTD A0 MOHSTTS
anre6paivyHOi €KBiBaJIEHTHOCTI PSAIiB: MU KasKeMO, 1110 ABa PO € anrebpaivHO eKBiBaJIEHTHUMU, SIKIIIO BOHU MAIOTh
OJIHYy ¥ Ty caMy OJJHOPiZHY allpoKCcuMallito. 3 iHIoro 60Ky, SIKIIO ABa PSAM MAIOTh OJMH i TOI caMuii
MaKCUMasbHUH J1iBUH iieast, BOHU Ha3UBaIOThCS €1ab0 anrebpaiyHo eKBiBaJleHTHUMU. [IoKa3aHo, 1o Ko ABa
psiny anre6paivyHoO eKBiBaJIeHTHI, TO BOHU €J1a00 anre6paiuHo ekBiBasieHTHi. OJjHaK psid MOXYTb OyTH c1a60
anrebpaiyHO eKBiBaJIECHTHUMHU, ajle IIPU LIbOMY He OyTU anrebpaiyHo eKBiBaJIeHTUMH, 10 IEMOHCTPYIOTh HaBeleHi
npukiagu. Kiouosi cy10Ba: HeliHilHI KepoBaHi CUCTEMHU, CUCTEMU 3 BUXOJIOM, IilICHO-aHaiTUYHi BEKTOP-(PYHKILIii,
psiou iTepOBaHUX iHTerpasliB, GopMasbHi CTENEHEBI psiay, BilbHA acoLiaTUBHA anrebpa, Oy>kku Jli, peanizoBHICTS,
OIHOPimHa ampoKcUMallis, KopeHesa mnifganre6pa Jli, miBuii igeasn, KepoBaHiCTb, 33/1a4a MBUAKOI], 3a/1a4a
onTHMi3alii, udepeHiiarbHe PiBHIHHSL.

2. The dissertation is devoted to the study of nonlinear systems that are linear in control with one-dimensional and
multi-dimensional output and their homogeneous approximations. The first chapter of the dissertation provides a
review of known results in the theory of nonlinear control systems, which serve as the foundation for further
research. The second chapter focuses on the study of systems with a one-dimensional output, specifically on
finding the homogeneous approximation of the minimal realization of a series. Series of iterated integrals that
represent output systems are introduced and discussed, minimal realizations of realizable series are investigated.
The following classification result is obtained: any graded Lie subalgebra of finite codimension is the core Lie
subalgebra of the minimal realization of some one-dimensional series, and the dimension of this realization is
equal to the codimension of the Lie subalgebra. The proof is constructive: we show how to build the corresponding
series. The third chapter is dedicated to the homogeneous approximation of one-dimensional series of iterated
integrals and the time-optimal control problem for systems with a one-dimensional output. First, homogeneous
series and their minimal realizations are studied, including an analysis of core Lie subalgebras of minimal
realizations and the corresponding left ideals. In particular, a method is presented for constructing the
corresponding left ideal as the maximal (in terms of inclusion) left ideal orthogonal to the homogeneous series.
Then, the concept of the homogeneous approximation of a one-dimensional series is introduced: the sum of terms
of minimal order is called the homogeneous approximation of the series. The algebraic relationship between the
original series and its homogeneous approximation is studied, in particular, the relationship between their core Lie



subalgebras, and the classification of such pairs of Lie subalgebras is given. Besides, in Chapter 3, the time-optimal
control problem for homogeneous series, or equivalently, homogeneous systems with a homogeneous one-
dimensional output is investigated; a method is proposed for determining the minimal time required to reach a
given system state by analyzing an appropriate functional over the set of admissible controls. Then, approximation
in the sense of time-optimal control is studied. It is shown that as the output value approaches zero, the optimal
time for the original system and its homogeneous approximation become asymptotically equivalent. Moreover, it is
proven that under certain conditions, the optimal controls of the homogeneous approximation closely
approximate the optimal controls of the original system. This confirms the effectiveness of homogeneous
approximation in solving control problems for dynamic systems. Finally, the time-optimal control problem for a
homogeneous one-dimensional series is formulated as an optimization problem in an infinite-dimensional space;
this allows us to propose an alternative approach to solving the time-optimal control problem. The fourth chapter
is devoted to extending the obtained results to the case of realizable series of arbitrary dimension, or equivalently,
systems with a multi-dimensional output. The chapter considers formal series with vector coefficients. First, we
introduce the concept of the minimal part of a series and the concept of formal function defined using the shuffle
product. It is proven that the left ideal corresponding to a series is orthogonal to the minimal part of any formal
function of the series. The concept of the homogeneous approximation of a series with coefficients of arbitrary
dimension is introduced, generalizing both the one-dimensional output case and the trivial output case; a method
of finding the homogeneous approximation is proposed. This definition leads to the concept of algebraic
equivalence of series: two series are said to be algebraically equivalent if they share the same homogeneous
approximation. On the other hand, if two series share the same maximal left ideal, they are called weakly
algebraically equivalent. It is shown that if two series are algebraically equivalent, then they are weakly
algebraically equivalent. However, weakly algebraically equivalent series are not necessarily algebraically
equivalent, as demonstrated by the examples. Key words: nonlinear control system, systems with output, real-
analytic vector functions, series of iterated integrals, formal power series, free associative algebra, Lie brackets,
realizability, homogeneous approximation, core Lie subalgebra, left ideal, controllability, time-optimal control
problem, optimization problem, differential equation.
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