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Pedepar:

1. Inceprauiiiny po60Ty IPUCBSIYEHO AOCHIIPKEHHIO HEJIIHITHMX CUCTEM, L0 € JiHIMHUMU 332 KEpyBaHHSIM, 3
OJHOBUMIPHUM i 6araTOBUMipHAM BUXOJIOM Ta iXHiX OJHOPiIHMX allpOKCUMalLiil. [lepmuil po3ain AucepTaLiiHoi
pO6OTH NPUCBSIYEHN OTJISIly BilOMUX PE3YyJIbTATIiB 3 T€OPii HEMiHIHMX KEPOBAHUX CUCTEM, 5IKi € OCHOBOIO 17151
MOJAJIbIINX NOCHIIKEHb. [Ipyruil po3zis NpUCBI4YEHNI JOCIIPKEHHIO CUCTEM 3 OIHOBMMIPHAM BUXOJIOM, 30KPEMA,
3HAXO/KEHHIO OOHOPINHOI arlpokcumMalii MiniManbpHoi peasnizatii psany. BBogSTbCsl Ta 06roBOPIOIOTHCS PO
iTepOBaHMX IHTErpasIiB, sIKi IPEACTABISAIOT CUCTEMU 3 BUXOMOM, i JOCJIIIKYIOTbCSI MiHIMaJIbHI pearisanii
peasizoBHUX paniB. OTpuUMaHuil Takuii KiacudikaluilHuil pe3yabTaT: 6yIb-sKa rpafgyiioBaHa ninanreopa Jli
CKiHY€HHOI KOPO3MipHOCTI € KOpeHeBoIo mifanre6poto JIi MiHiMasipHOI pearnizalii 1esKoro oJHOBUMipHOTO psay, a

PO3MIipHICTb 1ji€i peanizalii fopiBHIOE KOpo3MipHOCTI ninanre6pu Jli. loBeneHHsI KOHCTPYKTHBHE: [10Ka3aHO, SIK



no6yyBaTy BiANOBinHUI psif,. TpeTiil po3mis NPUCBIYEHN OGHOPIgHIN anpoKCUMallil OGHOBUMIDHUX PSiB
iTepoBaHUX iHTErpasiB i 3aa4i IBUAKOAIL AJIS1 CUCTEM 3 OGHOBUMIPHUM BUXOAOM. CIIOYaTKy JOCIiIKYIOThCS
OIHOPiAHI psaaM i ix MiHIManbHI peasnisaliii; 1ie BKJIIOYa€e aHaji3 KopeHeBux miganre6p Jli MiHiManbHUX peasisaliil Ta
BiANOBiHUX JIiBUX ifleasiB. 30KpeMa, HaBeJIeHUH CIO0Ci0 106yI0BY BiATIOBIIHOTO JIiBOTO ifjeaily sSIK MaKCUMaJIbHOTO
(y ceHci BKIIIOUEHHS) JIiBOTO ifieany, OpTOrOHAJIbHOTO OJHOPiTHOMY psay. JJaji BBOAUTHCS MOHSATTS OGHOPiAHO]
anpokcuMmalii OHOBUMIPHOTO PsLy: OJHOPIZHOIO allpOKCUMALIi€I0 Ha3UBAETLCS CyMa YJIEHIB MiHIMaJIbHOTO
nopsaxy. JociiKeHo 3B'930K anredpaiyHUX BJIaCTUBOCTEN BUXiZHOTrO psALly i MOro ofHOPiAHOI anpokcuMaliii,
30KpeMa, 3B'SI30K MiX ix KopeHeBUMHU mifanredpamu Jli, a Tako>K HaBOOUTbCS Kilacudikallis Takux nap niganre6p Jli.
Kpim Toro, y po3nisni 3 mocinkeHo 3anady MBUAKOII 1711 OAHOPIGHUX PSLiB abo, 10 Te K caMe, OIHOPiIHUX
CHCTEM 3 OJHOPiZHAM OJHOBUMIPHUM BUXOZOM, 3alIPOIIOHOBAHO METOJ, BUBHAYEHHS MiHIMaJIbHOTO 4acy
JOCSATHEHHS 33JJaHOTO CTaHy CUCTEMM 3a JOTIOMOTOI0 aHasli3y BiANIOBIAHOrO QyHKIiOHAy HA MHOXKIHI JOITyCTUMUX
KepyBaHb. Jlasi fOCIiI)KEHO allpOKCUMALLiI0 B CEHCI MBUIKOAiL. JIoBEIeHO, 110 KOJIX 3HAYEHHS BUXOLY NPSIMYE [0
HYyJISl, ONITMMAaJIbHUI 4ac AJ1s1 BUXiIHOI CUCTEMU Ta ONTMMAaJIbHUM Yac AJ1s il ogHOPiAHOI anpokcumariii
aCUMITOTUYHO €KBiBajeHTHi. KpiMm Toro, noBeneHo, 10 3a IeBHUX YMOB ONITUMAaJIbHI KepyBaHHS OJHOPiAHOI
arpokcumallii HabIMKaTh ONTUMAJIbHI KepyBaHHS BUXiIHOI cuctemu. Lle ninTBepikye e(eKTUBHICTb OAHOPIIHO]
arpokcuMmaliii mpu po3B’si3aHHi 3a51a4 KepyBaHHS JUHaMiYHUMU cucTemMamu. HaperTi, 3aaya onTumanbHOI
HIBUAKOZMIL 1718 OBHOPIIHOrO OJHOBUMIPHOTIO PNy PO3IVISIIAETHCA SK 3a7ja4a ONTUMIi3allil y HECKIHYEHHOBUMiIDHOMY
[IPOCTOPI, 110 4O3BOJIS€ 3alPONIOHYBATH {HIINH LUISAX PO3B'A3aHHA 3a1a4i WBUAKOLIL. YeTBepTuil po3in
IIPUCBSIYEHO PO3BUHEHHIO OTPMMAHUX PE3yJIbTaTiB Ha BUMAJOK PEasi30BHUX PSLiB AOBiIBHOI pO3MipHOCTI 260, 0
T€ X caMe, CUCTeM 3 6araTOBUMipHUM BUXOZIOM. Po3risinatoTecst GopMasibHi psiaiy 3 BEKTOPHUMU KoedillieHTaMu .
CrniouaTKy BBOAUTHCS IIOHSTTS MiHiMasIbHOI YaCTUHU pALy i popmasnbHOi QYHKI, 1110 BU3HAUYEHA 32 IOIIOMOTHU
Tacyoo4oro nob6yTKy. JloBeneHo, o JiiBu ifeasn, SKUi BiANoBigae psay, OPTOrOHAIbHUM MiHIMaJIbHIN YacTrHI 6yIb-
sxoi popmMasnpHOI PyHKUII Bif psiy. BBoOUThCS IOHSITTS OLHOPiAHOI anpokcuMaliii pany 3 KoedilieHTamu
IIOBiJIbHOI BUMIPHOCTI, SIK€ y3arajabHIOE K BUIIAJI0K OJHOBAMIPHOTO BUXOJY, TaK i BUIa[OK TPUBiaJIbHOTO BUXOLY;
3aIPONIOHOBAHUM METOJ, IOOYA0BU OOHOPILHOI arlpokcumalii. Lle BusHaYeHHs IPUBOJUTD 10 IIOHSITTS
anrebpaiyHOi eKBiBaJIEHTHOCTI PALIiB: MU KaskeMoO, IO /iBa PSIU € anre6paiyHO eKBiBaJIEHTHUMMY, SIKIIO BOHU MAlOTh
OJIHY 1 Ty caMy OJJHOPiZHY allpoKCcUMallifo. 3 iHIIoro 60Ky, SIKIIO ABa PSAY MalOTh OJMH i TON caMuii
MaKCUMasbHUH J1iBUH ieas, BOHU Ha3UBAIOThCS c1ab0 anrebpaiyHo eKBiBaJleHTHUMU. [loKa3aHo, 110 SKIIO ABa
psinu anre6paivyHoO eKBiBaJIeHTHI, TO BOHU €J1a60 anre6paivHo ekBiBasieHTHi. OJjHaK psiAid MOXYTb OyTU c1a60
anrebpaiyHO eKBiBaJICHTHUMH, aJjie TIPYU LIbOMY He O6yTy anre6paiyHo eKBiBaJIeHTUMH, 10 IEMOHCTPYIOTh HaBeleHi
npukinagu. Kioyosi cyi0Ba: HesliHiliHI KepoBaHi CUCTEMHU, CUCTEMU 3 BUXOJIOM, IiiCHO-aHaITUYHi BEKTOP-PYHKIIii,
psAIY iTepOBaHMX iHTerpaiis, GOpMasbHi CTENIEHEBI PSAY, BiJlbHA acOLiaTMBHA anrebpa, Ay>Kku Jli, peasyizoBHICTb,
OZHOpifHA anpoKcuMaliisl, KopeHesa nigasnre6pa Jli, iBuil ineasn, KEpOBaHICTb, 3a7a4a MBUIKOL], 3a7a4a
onTHMi3alii, gudepeHiiarbHe PiBHSIHHSL.

2. The dissertation is devoted to the study of nonlinear systems that are linear in control with one-dimensional and
multi-dimensional output and their homogeneous approximations. The first chapter of the dissertation provides a
review of known results in the theory of nonlinear control systems, which serve as the foundation for further
research. The second chapter focuses on the study of systems with a one-dimensional output, specifically on
finding the homogeneous approximation of the minimal realization of a series. Series of iterated integrals that
represent output systems are introduced and discussed, minimal realizations of realizable series are investigated.
The following classification result is obtained: any graded Lie subalgebra of finite codimension is the core Lie
subalgebra of the minimal realization of some one-dimensional series, and the dimension of this realization is
equal to the codimension of the Lie subalgebra. The proof is constructive: we show how to build the corresponding
series. The third chapter is dedicated to the homogeneous approximation of one-dimensional series of iterated
integrals and the time-optimal control problem for systems with a one-dimensional output. First, homogeneous
series and their minimal realizations are studied, including an analysis of core Lie subalgebras of minimal
realizations and the corresponding left ideals. In particular, a method is presented for constructing the
corresponding left ideal as the maximal (in terms of inclusion) left ideal orthogonal to the homogeneous series.



Then, the concept of the homogeneous approximation of a one-dimensional series is introduced: the sum of terms
of minimal order is called the homogeneous approximation of the series. The algebraic relationship between the
original series and its homogeneous approximation is studied, in particular, the relationship between their core Lie
subalgebras, and the classification of such pairs of Lie subalgebras is given. Besides, in Chapter 3, the time-optimal
control problem for homogeneous series, or equivalently, homogeneous systems with a homogeneous one-
dimensional output is investigated; a method is proposed for determining the minimal time required to reach a
given system state by analyzing an appropriate functional over the set of admissible controls. Then, approximation
in the sense of time-optimal control is studied. It is shown that as the output value approaches zero, the optimal
time for the original system and its homogeneous approximation become asymptotically equivalent. Moreover, it is
proven that under certain conditions, the optimal controls of the homogeneous approximation closely
approximate the optimal controls of the original system. This confirms the effectiveness of homogeneous
approximation in solving control problems for dynamic systems. Finally, the time-optimal control problem for a
homogeneous one-dimensional series is formulated as an optimization problem in an infinite-dimensional space;
this allows us to propose an alternative approach to solving the time-optimal control problem. The fourth chapter
is devoted to extending the obtained results to the case of realizable series of arbitrary dimension, or equivalently,
systems with a multi-dimensional output. The chapter considers formal series with vector coefficients. First, we
introduce the concept of the minimal part of a series and the concept of formal function defined using the shuffle
product. It is proven that the left ideal corresponding to a series is orthogonal to the minimal part of any formal
function of the series. The concept of the homogeneous approximation of a series with coefficients of arbitrary
dimension is introduced, generalizing both the one-dimensional output case and the trivial output case; a method
of finding the homogeneous approximation is proposed. This definition leads to the concept of algebraic
equivalence of series: two series are said to be algebraically equivalent if they share the same homogeneous
approximation. On the other hand, if two series share the same maximal left ideal, they are called weakly
algebraically equivalent. It is shown that if two series are algebraically equivalent, then they are weakly
algebraically equivalent. However, weakly algebraically equivalent series are not necessarily algebraically
equivalent, as demonstrated by the examples. Key words: nonlinear control system, systems with output, real-
analytic vector functions, series of iterated integrals, formal power series, free associative algebra, Lie brackets,
realizability, homogeneous approximation, core Lie subalgebra, left ideal, controllability, time-optimal control
problem, optimization problem, differential equation.
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