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iHTerpasibHUX PiBHSAHD

2. Numerical solution of planar boundary value problems for an elliptic equation with variable coefficients by
integral equations approach

Pedepar:

1. Incepraniiina po60Ta IPUCBIYE€HA YUCEJIbHOMY PO3B’$I3yBaHHIO IJIOCKMX 3324 JJ1s1 €JNTUYHUOTO PiBHSIHHS
IpYyroro NopsuKy 3i 3amiHHMMYU KoedilieHTamu. Y [aHiil npaui po3rysiHyTo Kparosi 3agadi Jlipixisie ta HelimaHa B
0oOMe>KeHill OJHO3B'sI3Hii1 06J1acTi, MillaHi KpaioBi 3amaui Ta 3apavyy Koui y 1B03B’3Hill o6MexeHilt obsacTi. s
PO3B’13yBaHHs KpalloBux 3aad [lipixiyie Ta HelimaHa, BUKOPUCTOBYIOUM IIOHSITTS IapaMeTPUKCa Ta HEIIPSIMUI
niAxin iHTerpaspHUX PiBHSHB, TU(EepeHLiabHi 3a0a4i peAyKOBaHO IO CUCTEM IPAaHUYHO-TIPOCTOPOBUX
inTerpasnpHux piBHsAHD (['TIIP). JocmigkeHo KOPEeKTHICTh OTPUMaHUX cucTeM. Uepes 3aMiHy 3MiHHUX Ha OCHOBI
TOMOTETUYHOTO CTUCHEHHS 'PaHUYHOI KpHUBOi 06J1aCTi PO3B's13KY OJlepKaHo rapameTpusoBany cucremy I'TIIP, sky
MIOBHICTIO IMCKPETU30BaHO MeToAoM Hucrppoma. [l MillaHUX KpaloBUX 33724, I0JiO6HO 1o 3anay Jipixiie Ta
HelimaHa, po3B’s13Ku NIOJAHO Y BUTJISZi CyMU [TapaMeTPUKC-TIOTEHLjajliB IPOCTOTO Mapy Ta 06’€MHOTO

IapaMeTpUKC-TIOTeHIlialy 3 HeBiJOMUMHU I'yCTUHAMU. PO3IJISIHYTO BUNIQAKY IBO3B'SIBHUX 00J1acTel, 110 OOMeXeHi



rOMOTETUYHUMH Ta HETOMOTETUYHUMU KPUBUMU. [IJIs1 YMCEIbHOTO PO3B'I3yBaHHS HEKOPEKTHOI 3amadi Komi
3aCTOCOBAHO HEMPSMUN METOJ, iHTerpajibHUX PiBHSIHD 3 peryngapu3sanieto TixoHOBa, a TAKOX JiBa iTepaliiiHi MeToau
(aympTepHyouMit MeToA Ta MeTos, JlaH1Be6epa). PO3rsHyTO aIrOPUTMU iTepalLlifiHUX METO/IB Ta JOCTiIKEHO
30DKHICTb aJIbTEPHYI0YOr0 MeTOAYy. [lJ1s1 BCiXx METO[iB BUKOHAHO YMCEJIbHI €KCIIEPUMEHTH, PE3YJIbTATH SIKAX

MiITBEPIKYIOTb TEOPETUYHI JOCIIII)KEHHSL.

2. The thesis is devoted to the numerical solution of planar problems for a second-order elliptic equation with
variable coefficients (EEVC). A brief overview of its applications in different areas together with existing
approaches for numerical solving have been provided. There have been considered Dirichlet and Neumann
boundary value problems in a bounded simply connected domain, mixed boundary value problems and Cauchy
problem in a bounded doubly connected domain in current work. A numerical approximation involving integral
equations technique for the solution of the Dirichlet and Neumann boundary value problems for EEVC has been
developed. Using the concept of a parametrix and indirect integral equations approach that represents the
solution as a sum of potentials, the problems are reduced to a system of boundary-domain integral equations
(BDIEs) to be solved for two unknown densities. Via a change of variables based on shrinkage of the boundary
curve of the solution domain a parameterized system of BDIEs is obtained. The strong and logarithmic singularities
in kernels have been examined. It is shown how to write these singularities in the system in an explicit form for
further discretization. An effective full discretization by the Nystrém method is given. Solving the system of linear
algebraic equations, the approximate values of unknown densities over boundary and domain are calculated. The
formulas of the approximate numerical solution in the domain are provided for both boundary value problems. The
numerical experiments for different input data and domains are showing that the proposed approach can be
turned into a practical working method. As mixed boundary value problems, Dirichlet-Neumann and Neumann-
Dirichlet boundary value problems in a doubly connected domain have been considered. Similarly to the Dirichlet
and Neumann problems, a solution is represented as a sum of single layer potentials over the domain and over two
boundary curves with unknown densities and Levi function (parametrix) as a kernel. Making the change of
variables based on shrinkage of the outer boundary curve, the system of integral equations is rewritten in the
parameterized form. Using the same steps including singularities exploring and rewriting them explicitly,
quadratures application with collocation at specific points, solving the system of linear equations to get densities
values, the approximate solution in the domain is obtained. Separately, the numerical solution of the mixed
boundary value problem for an arbitrary doubly connected domain is examined, where the change of variables in
the system of BDIEs happens via the parametric representation of inner and outer boundaries. For the numerical
solution of the ill-posed Cauchy problem an indirect integral equations method with Tikhonov regularization and
two iterative methods (alternating method and Landweber method) are considered. For the integral based method
for numerical solving the Cauchy problem, the solution is represented as a sum of parametrix-potentials with
unknown densities to be identified. The densities are calculated from the system of BDIEs for the numerical
solution of which an efficient Nystrém scheme in combination with Tikhonov regularization and L-curve method
for regularization parameter choosing is proposed. Having approximate values of densities it is possible to find
approximate Cauchy data on the inner boundary using appropriate formulas based on the view of solution
representation. A numerical implementation of the alternating iterative method is presented for the Cauchy
problem. On each step of the iterative procedure, two well-posed mixed problems investigated in the thesis are
being solved. The convergence analysis of this method is also provided. An iterative Landweber method is
considered at each iteration step of which two Dirichlet-Neumann problems are being solved. Numerical results
are presented for all three approaches, for different domains and conductivities, using exact as well as noisy
Cauchy data, showing that a stable solution can be obtained with good accuracy and small computational cost.
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