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1. Y nuceprallii BUKOHAHO pPO3LIMPEHUI CUMETPIMHUI aHali3 (IifiCHOrO CUMETPUYHOTO ITOTEHLiaIbHOTO)
6espucrepciitHoro piBHsaHHA HikHuka Su_{txy}=(u_{xxtu_{xy})_x + (u_{xytu_{yy})_y,S (1) ke TakOX Ha3MBAIOTh
6espucnepciiinum piBHSIHHAIM HiokHuka-HoBikoBa-BecesnoBa abo HaBiTh 6€311UCIIEPCiiHUM PiBHSIHHIM
HogikoBa-Becenoga. lle piBHSIHHS € 6e3aKCIIepCiiHM aHAJIOTOM JiliCHOTO CUMETPUYHOTO ITOTEHI[iaJIbHOTO
piBHsAHHS HrokHuKa. Pa3oMm i3 piBHIHHAM (1) TaKOXK PO3IJISIHYTO MOT0 HEJiHiHe NpeAcTaBjeHHs Jlakca
Sv_t=\frac13\left(v_x"3-\frac{u_{xy}"3Hv_x"3N\right)+u_{xx}v_x-\frac{u_{xylu_{yyH{v_x}, v_y=-
\frac{u_{xy}H{v_x}$ (2) i 6esgucnepciitnuit Bignosiguuk Sp_t=(h"™1p)_x+(h"2p)_y, h"™~1_y=p_x, h"™2_x=p_yS (3)
CUMeTpUYHOI cucTeMu HUKHUKA, SIKUIT € TTOTeHI[ialIbHOI0 cucTeMoto A1 piBHSHHA (1). ¥V po3zini 1 mocaimkeHo

CHAMETPIiiHi B1acTUBOCTI piBHAHHS (1) Ta cucTeM (2) i (3). 30Kkpema, 3HAIAEHO iX MAaKCUMaJlbHi anrebpu JiiBCbKOi



inBapianTHOCTi S\ mathfrak g$, S\ mathfrak g_{\rm L}S, S\ mathfrak g_{\rm dN}$, a Takoxx MmakcumasbHy anre6py
S\mathfrak g_{\rm c}$S koutakTHUX cumerpiii piBHsHH (1). 3aCTOCOBYI0YN OPUTIHAJIBHY BEPCIIO anre6paivHoro
METO/y Ha OCHOBI MeraifeastiB, 064YMCIEeHO ICeBOrpyny ToYKoBux cumetpiit SGS, SG_{\rm L}S, SG_{\rm dN}S
BiZmoBiiHO 115 piBHsAHHSA (1) Ta cucreM (2), (3), @ TaKOXK MCeBAOrpyNny KOHTAaKTHUX cumeTrpiit SG_{\rm c}$S piBHIHHS
(1). BusiBusiocs, 1o Heo6xinHa anreGpaiyHa yMOBa, sika € OCHOBOIO METOZY, TIOBHICTIO BU3Havae rncesporpyny SGS, a
TOMY [J151 3aBEPLIEHHS ii 060YMCIIEHHS He MTOTPiOHO BUKOPMCTOBYBATU NPSIMUI MeToZ,. Lle nepmnii npukaj Takoro
poxy B itepatypi. OKpim TOro HOBesEeHO, 1o nceBnorpyna SGS MiCTUTh PiBHO TPy He3aseKHi JUCKPeTHI
enemeHTH, a ricesporpymna SG_{\rm c}$ e nepmmm npogosxkeHHsam nceBgorpynu SGS. O6UUCIEHHS MICEBAOTPYITN
SG_{\rm c}$S e nepumm npuKIaZOM 3aCTOCYBaHHS BEPCii are6paiyHOr0 METOY HA OCHOBI MeraifeartiB s
3HAXO/I’)KEHHSI [ICEBJIOTPYII KOHTAKTHUX CUMETPIil JudepeHLiaapHOro piBHAHHS. OnMcaHo BCi fudepeHLianbHi
PIBHSIHHS TPETHOTO MOPSAKY 3 TPhOMA HE3aJIEKHUMY 3MIHHUMUY, sIKi iHBapiaHTHI BifHOCHO anreGpu S\ mathfrak g$.
3HaiiieHO IOBHUI1 Habip reOMeTPUYHUX BIACTUBOCTEN PiBHAHHS (1), 10 BUOKPEMJIIOIOTb IOTO 3 YChOTO KJIacy
IvdepeHLiabHUX PiBHSHD i3 YaCTUHHUMU MOXiTHUMU TPETHOTO IOPSIKY 3 TPhOMA HE3aJIeXKHUMU 3MIHHUMU. Y
PO31iii 2 BU4EPIIHO BUBYEHO JIiiBCbKi penyKLii piBHSHHS (1) i mo6y10BaHO IMPOKI CciMT Oro iHBapiaHTHUX
PO3B’sI3KiB. Briepiie rnpencraBieHo TOYHU (popMati3oBaHM OIKC [TOBHOI ONITUMIi30BaHOI IpoLenypH JIiBChbKOi
PenyKLii y BUIIAJIKy CUCTEMU PiBHSHD i3 YACTUHHUMU MOXiTHUMU 3 TPhOMA HE3aJIEXKHUMU 3MiHHUMU,
pesieBaHTHOMY 117151 piBHSIHHS (1). BUKOpHCTOBYIOUM pe3ysbTaTU po3Liny 1, IpokjIacugikoBaHO OGHO- Ta IBOBUMIpHI
niganre6pu anrebpu S\ mathfrak g$ i oqHoBuMIpHI mizanre6pu anre6pu S\ mathfrak g_{\rm L}$ 3 Tounictio 10
SGS- i SG_{\rm L}S-exBiBasieHTHOCTI, BiiIOBiZHO. 3aMiCTbh CTAH/IAPTHOTO ITiXOAY, 10 [PYHTYETHCS HA
3HAXOJPKEHHI i BUKOPUCTaHHI BHYTPIlIHIX aBTOMOPdi3miB anre6p Jli, po3risHyTo fito ncesmorpynu SGS Ha anre6py
S\mathfrak gS, siky 3HaiieHo Yyepe3 HigHATTS BeKTOpHUX mosiB 3 S\ mathfrak g$ enementamu ncesporpynu SGS.
Briepiie 064uCI€HO IPyNy TOYKOBUX CUMETPill P€yKOBAaHUX PiBHSIHb, BKJIIOUHO 3 iX JUCKPETHUMHU TOYKOBUMU
CHMETPIisSIMH, i B yCiX BUIIafIKax repeBipeHo, Yy € 11i cuMeTpii abo NMprUxoBaHUMHU, a0 iHAyKoBaHUMU. OCKiIbKU
OiNbIIICTD POBIVISIHYTUX PENYKOBAaHUX PiBHSIHD € JOCUTb IPOMI3IKUMHU, Pi3Hi Bepcii anrebpaiuHoro MmeTony Habarato
eeKTUBHIII AJ151 TAKMX OOYUCIIeHb, HIX IpsMuil MeTog,. KpiM Toro, AesiKi peyKoBaHi piBHSIHHS 411 piBHAHHS (1) He
€ MaKCHUMaJbHOro paHry. OTxKe, 3a3Ha4€HU aHaJli3 PELYKOBAHUX PIBHAHD €, 30KPEMa, [IEPIIMM B JIiTEpaTypi ABHUM
i cUCTEeMaTUYHUM JOCIIIPKEHHSIM JIiiBChKUX Ta 3arajJIbHUX TOYKOBUX CUMETPill AudepeHIiaTbHUX PiBHSIHb, SIKi HE €
MaKCHMMAaJIbHOTO PaHry. Y pe3yJbTaTi UPOKi ciMT HOBMX iHBapiaHTHUX po3B's13KiB piBHSAHHA (1) 10OymOBaHO y
SIBHOMY BUIJISIIi B TEPMiHaxX ejleMeHTapHuX QyHKLiH, QyHKLiN JlambeprTa Ta rinepreoMeTpnyHuX QyHKIiN, a TAKOXK
y mapaMeTpuyHii a6o HesiBHIl hopmax. OcKinbKy 6yabp-ska GyHKiis Burmsmy Su=w(t,x)+\tilde w(t,y)S, mo
BiJTIOBifja€ aIUTUBHOMY PO3/iIeHHIO 3MIHHUX SXS Ta SyS, € po3B's3koM piBHsAHHS (1), TAKe PO3AiTEHHS 3MiHHUX
TpUBiajibHE [J1 LbOTO PiBHSIHHS. TOMy 17151 IOLIYKY HEJIIIBCbKUAX PO3B’sI3KiB PiBHSIHHS (1), SIKi y3arajbHIOIOTh AEsIKi
1I0r0 iHBapiaHTHI PO3B’S13KH, 3aCTOCOBAHO MYJIbTUILTIKATUBHE PO3JieHHs 3MiHHUX SX$ Ta SyS, aH3all [/ IKOro Mae
Burssig Su=\varphi(t,x)\psi(t,y)S 3 S\varphi_x\ne0S i S\ psi_y\ne0S. OrprmMaHi pe3ysbTaT¥ IIOKA3yIOTh, IO I
6inbie po3B’si3KiB piBHAHHS (1) B IesKill 3aMKHEHIN (opMi MOKHA TOOYAyBaTH, BUKOPUCTOBYIOUH iHII METOIU

CHAMETPIMHOrO aHasi3y audepeHLiaJIbHUX PiBHSIHb.

2. In the thesis, we carried out extended symmetry analysis of the (real symmetric potential) dispersionless Nizhnik
equation Su_{txy}=(u_{xx}u_{xy})_x + (u_{xyu_{yy}_y,S (1) which is also called as the dispersionless
Nizhnik-Novikov-Veselov equation or even the dispersionless Novikov-Veselov equation. This equation is the
dispersionless counterpart of the real symmetric potential Nizhnik equation. Simultaneously with the equation (1),
we considered its nonlinear representation Lax representation Sv_t=\frac13\left(v_x"3-
\frac{u_{xy}"3Hv_x"3\right)+u_{xx}v_x-\frac{u_{xyhu_{yy}Hv_x}, v_y=-\frac{u_{xy}H{v_x},S (2) and the
dispersionless counterpart Sp_t=(h"1p)_x+(h"2p)_y, h"1_y=p_x, h"™~2_x=p_yS (3) of the symmetric Nizhnik
system. In Chapter (1), we studied symmetry properties of the equation (1) and the systems (2) and (3). In particular,
we found their maximal Lie invariance algebras S\ mathfrak g$, S\mathfrak g_{\rm L}$ and S\ mathfrak g_{\rm
dN}S and the maximal contact-symmetry algebra S\ mathfrak g_{\rm c}$ of the equation (1). Applying an original
megaideal-based version of the algebraic method, we computed the point-symmetry pseudogroups S$GS, SG_{\rm
L}S and SG_{\rm dN}S of the equation (1) and the systems (2) and (3), respectively, as well as the contact-symmetry



pseudogroup SG_{\rm c}$ of the equation (1). It turned out that the necessary algebraic condition, which is the
base of the method, completely defines the pseudogroup SGS, and therefore there is no need to use the direct
method for completing the computation. This is the first example of this kind in the literature. In addition, we
proved that the pseudogroup SGS contains exactly three independent discrete elements, and the pseudogroup
SG_{\rm c}S is the first prolongation of SGS. The computation of the pseudogroup SG_{\rm c}$ is the first
example of applying the megaideal-based version of the algebraic method to finding the contact-symmetry
pseudogroup of a differential equation. We described all the third-order partial differential equations in three
independent variables that are invariant with respect to the algebra S\ mathfrak gS. We also find a set of geometric
properties of the equation (1) that singles out it from the entire class of third-order partial differential equations
with three independent variables. In Chapter 2, the Lie reductions of the equation (1) are exhaustively studied and
the wide families of its invariant solutions are constructed. We presented for the first time a precise and
formalized description of the complete optimized Lie reduction procedure in the case of a system of partial
differential equations with three independent variables, which is relevant to the equation (1). Using the results of
Chapter 1, we classified one- and two-dimensional subalgebras of the algebra S\ mathfrak g$ and one-dimensional
subalgebras of the algebra S\ mathfrak g_{\rm L}$ up to the SGS- and SG_{\rm L}S-equivalences, respectively.
Instead of the standard approach, which is based on finding and using inner automorphisms of Lie algebras, we
considered the action of the pseudogroup SGS on the algebra S\ mathfrak g$, which was found by pushing forward
vector fields from S\ mathfrak g$ by elements of the pseudogroup SGS. We computed for the first time the point
symmetry groups of reduced equations, including their discrete point symmetries, and it was checked in all the
cases whether these symmetries are hidden or induced. Since most of the obtained reduced equations for the
equation (1) are quite cumbersome, various versions of the algebraic method are much more efficient in the course
of the above computation than the direct method. In addition, some of these reduced equations are not of maximal
rank. Therefore, the mentioned analysis of reduced equations is, in particular, the first explicit and systematic
study of Lie and general point symmetries of differential equations that are not of maximal rank. As a result, we
constructed wide families of new invariant solutions of the equation (1) in explicit form in terms of elementary,
Lambert and hypergeometric functions as well as in parametric or implicit form. Since any function of the form
Su=w(t,x)+\ tilde w(t,y)S, which corresponds to the additive separation of the variables $xS$ and SyS, is a solution of
the equation (1), this separation of variables is trivial for (1). Therefore, to look for non-Lie solutions of the equation
(1) that generalize some of its invariant solutions, we used the multiplicative separation of the variables $xS$ and
SyS, the ansatz for which has the form Su=\varphi (t,x)\psi(t,y)S with S\varphi_x\ne0S$ and S\ psi_y\ne0S. The
obtained results show that more closed-form solutions of (1) can be constructed using other tools of symmetry
analysis of differential equations.
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