O0Js1ikoBa KapTKa aucepTaii

I. 3arasibHi BimOMOCTI

Jep>kaBHHH 00J1iIKOBHI HOMep: 0824U003237
Oco006J1uBi TO3HAYKH: BinKpura

JaTa peectpauii: 16-10-2024

Craryc: 3axumeHa

PexBi3utu Hakasy MOH / Haka3y 3aKjazy:

I1. BizomocrTi nipo 3700yBaya

Baacue IlpizBume Im'a Ilo-6aTbKOBI:
1. Binnivenko Onekcangpa OsekcaHpiBHA

2. Oleksandra O. Vinnichenko

KBasmigikamis:

InenTudikarop ORCID ID: 0009-0007-8089-8162

Bupg, pucepranii: nokrop dinocodii

AcnipaHTypa/JIOKTOpPaHTypa: Tak

IIIndp HayKoBOi crieniaIbHOCTI: 111

Ha3zBa HayKoBoi creniajJibHOCTi: Matemaruka

FaJIy3b / ralesi 3HAHb. MaTeMaTHKa Ta CTATUCTUKA
OcBiTHBO-HayKOBa IIporpama 3i crneniaJbHOCTi: Maremaruka
Jara 3axucTy: 17-12-2024

CreniaJbHICTh 32 OCBITOIO: 111 MaTemaTuKa

Micue po6oTH 3400yBaya: Incrutyr matemarnku HanjioHasnbHOi akazieMii Hayk YkpaiHu
Kopg 3a €IPIIOY: 05417207

Micuesnaxo,szeHHa: ByJI. TepeleHkiBcbka, 6ya. 3, Kuis, 01024, Ykpaina
dopma ByacHOCTI: [lepkasna

Cdepa ynpaBiriHHS: HaujoHanbHa akazemist Hayk YKpaiHu

InmenTudikarop ROR:




I11. BimomMocTi mpo opranizariiio, e Big0OyBcsl 3aXHCT

Iudp cnenianizoBaHoi BY€HOi pagH (pa30Boi creliaai30BaHOl BYEHOI pagu). PhD 7073
IloBHe HaliMeHYBaHHSI IOPHUAHUYHOI 0COOM: [HCcTUTYT MaTemaTnky HarjioHasnbHO akaziemii Hayk Ykpainu
Kopg 3a €IPIIOY: 05417207

Micue3HaxoaKeHHS: ByJI. TepemeHkiBCcobKa, 6ya. 3, Kuis, 01024, YkpaiHa

dopma BracHOCTI: JlepxaBHa

Cdepa ynpaBiriHHS: HaujonasnbHa akaziemis HayK YKpaiHu

InenTudikarop ROR:

IV. BimomocTi Ipo niznpueMcTBO, YCTaHOBY, OpraHi3alliio, B sIKi# 0yJ10
BHKOHAHO JHCEPTaIlilo

IloBHEe HaliMEeHYBaHHS IOPUAHYHOL 0C00H: IHcTuTyT MaTemaTuku HarjioHanbHOi akamemii Hayk Ykpainu
Kopg 3a €IPIIOY: 05417207

Micue3HaxoaKeHHS: ByJI. TepemeHkiBcobKa, 6ya. 3, Kuis, 01024, Ykpaina

dopma BracHOCTI: JlepxaBHa

Cdepa ynpaBiiHHS: HaujonanbHa akaziemist HayK YKpainu

InenTudikarop ROR:

V. BizomocTi npo gucepraniio
MoBga auceprTalii: Auriicbka
Koau remaTHYHHX py6an: 27.31.21, 27.35, 27.17, 27.17.35, 27.31

Tema gucepranii:
1. TeomeTpuuHi Ta anrebpaiuHi B1acTUBOCTI 6e3auciiepciiHoro piBHsHHS HiokHuKa

2. Geometric and algebraic properties of dispersionless Nizhnik equation

Pedepar:

1. Y nucepTauii BUKOHAHO PO3LIMPEHNI CUMETPIMHUI aHali3 (IilfiCHOr0 CUMETPUYHOTO ITOTEHLiaIbHOTO)
6eanucriepciiiHoro piBHsHHS HuwkHuka Su_{txy}=(u_{xxju_{xy})_x + (u_{xylu_{yy})_y,S (1) sike TakoX HAa3UBAIOTb
6e3nucriepciiiHuM piBHsSHHAM Hipkauka-HosikoBa-BecesioBa abo HaBiTh 6€31UCIIEPCIIHMM PiBHSIHHIM
HosgikoBa-Becenoga. e piBHSIHHS € 6e30ucIiepCiiiHIM aHAJIOrOM JiliICHOTO CUMETPUYHOTO [IOTEHLiaJIbHOTO
piBHsHHS HukHuKa. PazoMm i3 piBHIHHSIM (1) TaKOXK PO3IJISIHYTO MOro HeJliHiliHe npeacTaBseHHs Jlakca
Sv_t=\frac13\left(v_x"3-\frac{u_{xy}"~3Hv_x"3N\right)+u_{xx}v_x-\frac{u_{xylu_{yytH{v_x}, v_y=-
\frac{u_{xy}Hv_x}$S (2) i 6eapucnepciitauit Bignosigauk Sp_t=(h"~1p)_x+(h"2p)_y, h"*1_y=p_x, h"™2_x=p_yS (3)
CHMETPUYHOI cucteMy HIDKHMKA, SIKUH € TOTEeHLiaJIbHOIO CUCTeMOIo Jis piBHAHHS (1). V po3aini 1 mocigxkeHo
CHMETPIiiiHi BacTuBOCTI piBHAHHS (1) Ta cucteM (2) i (3). 30kpema, 3HaAEHO iX MaKCUMaJbHi anredpu JiiBCbKOi
inBapianTHOCTi S\ mathfrak g$, S\ mathfrak g_{\rm L}$, S\ mathfrak g_{\rm dN}S, a Takox MakcuMasbHy anreGpy
S\mathfrak g_{\rm c}$S kouTakTHHX cCuMeTpii piBHsHHS (). 3aCTOCOBYIOYM OPHUTiHATIBHY BEPCIiIO anreGpaiyHoOro
METO/Iy Ha OCHOBI MeraifieastiB, 064iCIEHO ICeBOrpynu ToYKOBUX cumertpiin SGS, SG_{\rm L}S, SG_{\rm dN}S



BiZnoBiiHO 115 piBHsAHHSA (1) Ta cucteM (2), (3), @ TaKOXK 1ceBAOrpyny KOHTaKTHUX cumeTtpiit SG_{\rm c}$S piBHsaHHS
(1). BusiBuziocst, mo HeoOxifHa anreGpaivHa yMOBa, sika € OCHOBOIO METOLY, TIOBHICTIO BU3Hadae ncesporpymny SGS, a
TOMY [J151 3aBEPLIEHHS ii 06YMCIIEHHS He MTOTPiOHO BUKOPUCTOBYBATU NPSIMUI MeToZ,. 1le nepmmii npukiaj, Takoro
pozay B sitepaTypi. OKpim TOTO [OBEMIEHO, 1110 nceBnorpyna SGS MiCTUTh PiBHO TpU He3aJeXKHi AUCKPETHI
enemeHTH, a ricesporpymna SG_{\rm c}$ e nepmmm npogosxkeHHsam nceBaorpynu SGS. OGUUCIEHHS MICEBAOTPYIIN
SG_{\rm c}$S e nepumm npuKIaZOM 3aCTOCYBaHHS BePCii are6paiyHOr0 METOLY HAa OCHOBI MeraifeartiB s
3HAXO/’)KEHHS! IICEBJIOTPYIIM KOHTAKTHUX CUMETPIil JudepeHLiaTpHOro piBHAHHS. ONKMCcaHo BCi JudepeHLianbHi
PIBHSIHHS TPETHOTO MOPSKY 3 TPhOMA He3aJIEKHUMY 3MIHHUMUY, sIKi iHBapiaHTHI BifHOCHO anreGpu S\ mathfrak g$.
3HaiieHO OBHUI Habip reoMeTpUYHUX BIACTUBOCTEN PiBHSIHHA (1), 1[0 BUOKPEMIIIOIOTH HOTO 3 YChOTO KJIacy
IvdepeHLiaTbHUX PiBHSHD i3 YaCTUHHUMU IOXiTHUMU TPETHOTO MOPSIKY 3 TPhOMA HE3AJIEXKHUMU 3MIHHUMU. Y
po37isi 2 BU4epIiHO BUBYEHO JIiBChKi peayKuii piBHsAHHS (1) i o6ymoBaHO MUPOKI cimT fioro iHBapiaHTHUX
PO3B's13KiB. Briepie npejcraBaeHo TOYHUI (popMasi3oBaHUI ONKC TOBHOI ONTMMI30BaHOI NpoLeypHU JIiiBCbKOI
penyKLii y BUIIAJIKy CUCTEMU PiBHAHD i3 YACTUHHUMU MOXiTHUMU 3 TPhOMA HE3aJIEXKHUMHU 3MiHHUMU,
pesieBaHTHOMY 17151 piBHSIHHA (1). BUKOpHCTOBYIOUM pe3ysbTaTu po3Liny 1, IpoKIacu@ikoBaHO OGHO- Ta IBOBUMIpHI
niganre6pu anre6pu S\ mathfrak g$ i omHoBumipHi niganre6pu anre6pu S\ mathfrak g_{\rm L}$ 3 Tounictio 1o
SGS- i SG_{\rm L}S-ekBiBasleHTHOCTI, BiAMOBiIHO. 3aMiCTh CTaHAAPTHOTO MMiX0Y, 10 I'PYHTYETHCS HA
3HAXOJPKEHHI | BUKOPUCTAHHI BHYTPIlIHIX aBTOMOPdi3miB anre6p Jli, po3risHyTo fiio nceporpynu SGS Ha anre6py
S\mathfrak g$, sKy 3HaiigeHo yepes migHATTS BeKTOopHUX nois 3 S\ mathfrak g$ enemenramu nicesmorpymnu SGS.
Brniepiue 0641CI€HO TPYIM TOYKOBUX CUMETPIiil PeyKOBAHUX PiBHSHb, BKJIIOYHO 3 iX JUCKPETHUMU TOUKOBUMU
CHMETPIisSIMH, i B yCixX BUIaJIKax lepeBipeHo, Yy € 11i cuMeTpii abo NprUxoBaHUMHU, a0 iHAyKOBaHUMU. OCKiIbKU
OiNIbIIICTh POBIVISIHYTUX PENYKOBAHUX PiBHSIHDb € JOCUTb IPOMI3IKUMHU, Pi3Hi Bepcii asrebpaiuHoro MeTomy Habarato
eeKTUBHIII AJ151 TAKUX OOYMCIIEHb, HX IpsiMuil MeToq,. KpiM Toro, AesiKi peyKOBaHi piBHSIHHSA 411 piBHAHHS (1) He
€ MaKCHUMaJbHOro paHry. OTXe, 3a3Ha4€HUI aHaJi3 PEeIyKOBAaHUX PiBHSIHD €, 30KPEMa, [IEPIIUM B JIiTEpaTypi SBHUM
i cuCTeMaTUYHUM JOCIIPKEHHSIM JIiiBChbKUX Ta 3arajlbHUX TOYKOBUX CUMETPill AudepeHIialbHUX PiBHSHb, SIKi HE €
MaKCHMMAaJIBHOTO PaHTy. Y pe3yJbTaTi UPOKi CciMT HOBMX iHBapiaHTHUX pO3B's13KiB pPiBHAHHA (1) 10O6yIOBaHO y
SIBHOMY BUIJISIZIi B TepMiHaX eleMeHTapHUX (QyHKLiN, PyHKLi JlambepTa Ta rinepreoMeTpuyHUX (PyHKIiA, a TaKOXK
y mapameTpuyHiit a6o HesiBHIM hopmax. OCKinbKy 6yab-ska GpyHKis Burmsmy Su=w(t,x)+\tilde w(t,y)S, mo
BiJTIOBifja€ aIUTUBHOMY PO3/ilIeHHIO 3MIHHUX SXS Ta SyS, € po3B's3koM piBHsAHHS (1), TaKe pO3AiTeHHS 3MiHHUX
TPUBiayIbHE 117151 1bOTO PiBHSHHSA. TOMY /17151 OLIYKY HeJiiBCbKUX PO3B’s13KiB PiBHSHHS (1), sIKi y3arasbHIOOTb JesKi
10ro iHBapiaHTHI PO3B'SI3KM, 3aCTOCOBAHO MYJIbTUILIIKATUBHE PO3[iIeHHs 3MiHHUX SXS Ta SyS, aHzaly 11 sKoro mMae
Burssig Su=\varphi(t,x)\psi(t,y)S 3 S\varphi_x\ne0S i S\ psi_y\ne0S. OrpumMaHi pe3ybTaT¥ [IOKa3yIOTh, IO I
6inbie po3B’s13KiB piBHAHHS (1) B IesKill 3aMKHEHIN (opMi MOKHA TOOYAyBaTH, BUKOPUCTOBYIOUH iHIIN METOIU

cuMeTpiliHOro aHasizy gudepeHLianbHUX PiBHSHb.

2. In the thesis, we carried out extended symmetry analysis of the (real symmetric potential) dispersionless Nizhnik
equation Su_{txy}=(u_{xx}u_{xy})_x + (u_{xylu_{yy})_y,S (1) which is also called as the dispersionless
Nizhnik-Novikov-Veselov equation or even the dispersionless Novikov-Veselov equation. This equation is the
dispersionless counterpart of the real symmetric potential Nizhnik equation. Simultaneously with the equation (1),
we considered its nonlinear representation Lax representation Sv_t=\frac13\left(v_x"3-
\frac{u_{xy}"3Hv_x"3\right)+u_{xx}v_x-\frac{u_{xylu_{yyIHv_x}, v_y=-\frac{u_{xy}H{v_x},S (2) and the
dispersionless counterpart Sp_t=(h"1p)_x+(h"2p)_y, h""1_y=p_x, h"™2_x=p_yS (3) of the symmetric Nizhnik
system. In Chapter (1), we studied symmetry properties of the equation (1) and the systems (2) and (3). In particular,
we found their maximal Lie invariance algebras S\ mathfrak g$, S\ mathfrak g_{\rm L}$ and S\ mathfrak g_{\rm
dN}S and the maximal contact-symmetry algebra S\ mathfrak g_{\rm c}$ of the equation (1). Applying an original
megaideal-based version of the algebraic method, we computed the point-symmetry pseudogroups $GS, SG_{\rm
L}S and SG_{\rm dN}S of the equation (1) and the systems (2) and (3), respectively, as well as the contact-symmetry
pseudogroup SG_{\rm c}$ of the equation (1). It turned out that the necessary algebraic condition, which is the
base of the method, completely defines the pseudogroup SGS, and therefore there is no need to use the direct
method for completing the computation. This is the first example of this kind in the literature. In addition, we



proved that the pseudogroup SGS contains exactly three independent discrete elements, and the pseudogroup
SG_{\rm c}S is the first prolongation of SGS. The computation of the pseudogroup SG_{\rm c}$ is the first
example of applying the megaideal-based version of the algebraic method to finding the contact-symmetry
pseudogroup of a differential equation. We described all the third-order partial differential equations in three
independent variables that are invariant with respect to the algebra S\ mathfrak gS. We also find a set of geometric
properties of the equation (1) that singles out it from the entire class of third-order partial differential equations
with three independent variables. In Chapter 2, the Lie reductions of the equation (1) are exhaustively studied and
the wide families of its invariant solutions are constructed. We presented for the first time a precise and
formalized description of the complete optimized Lie reduction procedure in the case of a system of partial
differential equations with three independent variables, which is relevant to the equation (1). Using the results of
Chapter 1, we classified one- and two-dimensional subalgebras of the algebra S\ mathfrak g$ and one-dimensional
subalgebras of the algebra S\ mathfrak g_{\rm L}$ up to the SGS- and SG_{\rm L}S-equivalences, respectively.
Instead of the standard approach, which is based on finding and using inner automorphisms of Lie algebras, we
considered the action of the pseudogroup SGS on the algebra S\ mathfrak g$, which was found by pushing forward
vector fields from S\ mathfrak g$S by elements of the pseudogroup SGS. We computed for the first time the point
symmetry groups of reduced equations, including their discrete point symmetries, and it was checked in all the
cases whether these symmetries are hidden or induced. Since most of the obtained reduced equations for the
equation (1) are quite cumbersome, various versions of the algebraic method are much more efficient in the course
of the above computation than the direct method. In addition, some of these reduced equations are not of maximal
rank. Therefore, the mentioned analysis of reduced equations is, in particular, the first explicit and systematic
study of Lie and general point symmetries of differential equations that are not of maximal rank. As a result, we
constructed wide families of new invariant solutions of the equation (1) in explicit form in terms of elementary,
Lambert and hypergeometric functions as well as in parametric or implicit form. Since any function of the form
Su=w(t,x)+\ tilde w(t,y)S, which corresponds to the additive separation of the variables SxS$ and SyS$, is a solution of
the equation (1), this separation of variables is trivial for (1). Therefore, to look for non-Lie solutions of the equation
(1) that generalize some of its invariant solutions, we used the multiplicative separation of the variables $xS$ and
SyS, the ansatz for which has the form Su=\varphi (t,x)\psi(t,y)S with S\varphi_x\ne0S and S\ psi_y\ne0S. The
obtained results show that more closed-form solutions of (1) can be constructed using other tools of symmetry
analysis of differential equations.
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