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2. Exponentially convergent methods for the nonlocal abstract Cauchy problem and nonlinear boundary value
problems

Pedepar:

1. 3HaliIeHO HOBi YMOBH iCHYBaHHS Ta NPELCTABJIEHHS PO3B'43Ky HEJIOKAJIBHOI 110 Yacy 3agayvi Komri g1
Iv(epeHLiaTbHOTO PiBHSIHHS IEPIIOTO NOPSIKY B BaHax0BOMY IIPOCTOPi 3 CUIIbHO-TIO3UTUBHUM OIIE€PATOPHUM
Koe(dillieHTOM Ta 6araTOTOYKOBOIO HEJIOKAJIbHOIO YMOBOI0. 3HaliIeHi YyMOBUY BPaXOBYIOThb BCIO HasIBHY iH(pOpMAaLlilo
IIPO CIIEKTP oInepaTtopHoro KoedilieHTy. PO3po6sieHO eKCIIOHeHIja/IbHO 301KHUI YU CeIbHUN MeTOoZ, 117151
HaOJIMKEHHsI pO3B's13Ky HeJIoKaIbHOI 3anayvi Komi 18 s1iHiliHOTro abCTpakTHOro Ny(epeHLiaIbHOTO PiBHIHHS
[IEPLIOTO NOPSAKY 3 HEOOMEKEHUM OIepPaTOPHUM KOoe(illieHTOM, IIBUIKICTb 301KHOCTI SIKOTO Y3TrOJKEHA 3
rapaMeTpaMy HeJIOKaJIbHOI YMOBH Ta CIIEKTPaJIbHUMU XapaKTePHUCTUKAMU OIIepaTOPHOTro kKoedilieHTy. 3HaineHo
arpiopHi OLiHKU NOXUOKU PO3POOIEHOT0 METOY. 3allPOIIOHOBAHO 3arajbHy cxemy FD--MeTony po3B'si3yBaHHS
abCTPaKTHUX HeJiHIMHMX (QYHKIiOHAIBHUX PiBHSHb, B PAMKax SIKOi [1I00y10BAaHO CYNEPEKCIIOHEHIiaIbHO 30DKHUI
METOJI, I/ HeJTiHIMHOI KpatoBoi 3a7jayi Ha Bifpi3Ky. JloBeseHO TeopeMHu PO iCHyBaHHS PO3B'SI3Ky 6a30Boi 3a1ayvi Ta

30DkHicTs FD--MeTony AJ1s1 HesliHiMHOI KpaltioBoi 3a5avi Ha Binpisky. OTpUMaHO OL[iHKY IBUIKOCTI 30DKHOCTI



MeTozy.

2. The thesis is devoted to the development of numerical and analytical methods which determine the existence of
the solution to a nonlocal Cauchy problem for linear abstract differential equation of the first order with an
unbounded operator coefficient in Banach space. For such kind of Cauchy problems a new exponentially--
convergent numerical method has been developed. Aside of that, we further present a general scheme of FD--
method for numerical solution to abstract nonlinear functional equations. In particular, for the case when non-
local condition represented as a linear combination of the unknown solution at different times we have presented
an approach allowing us to reduce the non-local problem to the equivalent classical Cauchy problem. As a result,
an explicit representation of solution to the original non-local problem have been established. The conditions
under which such reduction process can be justified along with the corresponding theorem on the existence of
solution to the classical Cauchy problem form the primary criterion for the existence of solution to the given non-
local problem. Such conditions essentially depend on the relative position of zeros of the entire function B (z),
correspondent to the coefficients of non-local condition, and the spectrum of strongly--positive operator
coefficient. For the case when it is impossible to obtain a closed form set of zeros for B (z) we developed a new
approach, which allows us to study the set of zeros of related polynomials instead. The application of this approach
results in several new sufficient conditions for the existence of solution to the original non-local problem which
generalizes the sufficient conditions available in the literature. In order to approximate the solution to the given
non-local Cauchy problem we have developed an exponentially convergent method based on the explicit
representation of the solution via Dunford--Cauchy integral with subsequent application of Sinc--quadrature
formulas. The condition on the existence of solution to the given non-local problem along with some natural
assumptions about the smoothness of initial data combined with the proper choice of integration contour and the
quadrature step enabled us to prove the a-priori error estimates for the developed method and show its
exponential rate of convergence. We also derived an efficient parallel algorithm for the proposed numerical
method, and studied its computational complexity. Some practical aspects of the implementation of fully--
discretized version of the algorithm have been studied as well. Aside of that we proposed a general FD--method
scheme for solving abstract nonlinear functional equation and developed a superexponentially convergent
numerical method for the nonlinear BVP on an interval using the framework of this scheme. Theorems on the
existence of solution of the base problem as well as the convergence of FD-method to a solution of the given
problem have been proved. Furthermore, using the method of generating functions we established an a-priory
error estimate of the developed method.
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