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Tema gucepranii:

1. JlinifiHO-anre6paiyHi MeTonu B Teopii oreparopis

2. Linear-algebraic methods in operator theory

Pedepar:

1. B pucepTarniifiHil po6oTi po3risaaoThes neBHi kiaacudikallinHi 3aadi JiHirtHoi anredpu, a came: Kiacudikarlis
Iap B3a€MOAHYJIIOI0YNX, KIacuQikalligd MaTpULb SIKi € CAMOKOHTPYEHTUMHU 32 JOIIOMOIO0 MaTpUllb 3 OGUHUIHUM
BU3HAYHMKOM, KpUTepii yHITapHOI MOAIGHOCTI A4J151 MaTPULb B 3aTaJIbHOMY II0JIOKE€HHI Ta HOPMAJIbHUX MaTpUllb,
O/IHOYaCHA YHiTapHa eKBiBaJI€HTHICTb, Ta 3B€JleHHs [1apy KOCOCUMETPUYHUX MaTPULb 1o ii KaHOHIYHOI popmu
BiJTHOCHO KOHIpyeHTHOCTI. [Tapu (A,B) B3aemoanyowounx onepatopis AB=BA=0 Ha CKiHU€HHOBUMIpHOMY
BEKTOPHOMY MIPOCTOPi HaZ, alre6paiuyHo 3aMKHEHUM TojieM 6yiu Knacudikosati I.I'enbdannom Ta
B.IloHOMapbhOBUM METOMOM JiHiIHUX BifHOCKH. Kiacudikanis Takoi napu (A,B) Hag noBinpHUM 10s1eM Oyra
JI.Hazaposoto, A.Poiitepom, B.Cepreituykom Ta B.boHnapenko 3 knacudikallii CKiHie HHOIIOPOIPKEHUX MOYJIiB HaJ,
ZliaZo10 IBOX JIOKAJbHUX NeeKiHIOBYX Kinelp. B nucepTallii HafaHO KaHOHIYHI MaTpuLi napu (A,B) Ha mOBiIBHUM
[I0JIEM Y SIBHOMY BUIJISIJIi Ta HaBeleHO KOHCTPYKTUBHE JIOBeeHHs: MaTpuli (A,B) mocsinoBHO 3BOASTECS 10 iX
KaHOHIYHMX (OPM IepeTBOPEHHSIMU NoLiOHOCTI (A, B) 0 (S™(-1)AS,S™(-1)BS). II. JokoBiu Ta ®.3exTMaH pO3risaHYyIN



BEKTOPHMUI1 IPOCTIip V, Haxinenuii 6iniHiitHOI0 Ppopmoto. BoHu nosenuy, 1o yci isomerpii V Hag nosiem F
XapaKTePUCTUKU BiIMiHHOI Bifl 2 MaIOTh OOUHWYHUI BU3HAYHUK TO[Ii Ta TiJIbKU TOAi, KOJIU V HE Ma€ OPTOTrOHAJILHUX
I0/IaHKiB HETMapHOI PO3MIPHOCTI (BUIMAIOK XapaKTEPUCTUKY 2 GYB TAKOX PO3IISIHYTUI). Ix moBeneHHs 6a3yeThcs Ha
knacudikauii 6ininiiHux Gopm Pima. E.Koki, @.Jomniko Ta P.[[’KOHCOH Hajjaju iHIIe 10BeIeHHS [IbOTO KPUTEPilo
Hag R Ta C, BUKOpUCTOBYIOYM KaHOHIYHI n1apy TOMIICOHA CUMETPUYHUX Ta KOCOCMMETPUYHMX MATPULb BiTHOCHO
KOHIpyeHTHOCTi. Hexait M — maTpuus 6iniHifiHOI popmu Ha V. Bysio HajjaHe iHIlle JOBeeHHs LbOro KPUTEPito Haf,
nosieM F BUKOPUCTOBYIOUY BJIACHI KAHOHIUHI MaTPULi BiTHOCHO KOHIPYEHTHOCTi Ta OTPUMAaHO HEOOXi[Hi Ta
IOCTaTHI yMOBY, BUKOPMCTOBYIOUY KaHOHIYHI (popMU M 17151 KOHrpyeHTHOCTI, napu (M T, M) 11151 €KBiBaJIEHTHOCTI,
ta M™(-T) M (5o M HeBupomKeHa) 115 nonibHocTi. KoskHa KBafpaTHa KOMIJIEKCHA MaTpULsl YHITAPHO N0Ji6Ha
BEPXHbOTPUKYTHIN MaTpulli 3 iarOHaJIbLHUMUM €JIEMEHTaMU y Oyib-SIKOMY BU3HauY€HOMY Nopsigky. Hexail A=[a_ij]
Ta B=[b_ij] - BepXHbOTPUKYTHI Nxn MaTpuLi TaKi, 0 ®* BOHU He MOAiOHI NpsAMill CyMi MaTpULb MEHIINX PO3MipiB,
abo * BOHU € MaTpULSMU y 3araJibHOMY IOJIOKEHHI Ta MalOTh OJJHAKOBI F'OJIOBHI AiiaroHasti. ¥ po6oTi oBeieHo, 1o A
Ta B ynitapHo nopi6Hi Togi ta Tinbku toai, skuo oh(A_k)o = oh(B_k)o pns ycix ho C[x] ra k = 1,...,n, ga
A_ko=[a_ij]_(i,j=1)"k ta B_ko=[b_ij]_(i,j=1)"k € nigytounmu ronosuumu kxk nigmarpunsamu matpuup Ata B, Tanon -
HopmMa Ppobeniyca. HapaHo nekinbka KpUTepiiB yHITapHOI MOAIGHOCTI HOpMasibHOI MaTpuLli A Ta JOBIJIbHOI MaTpULL
B y Tepminax HopM PpobeHiyca, crieKTpajbHUX HOPM, XapaKTepUCTUYHNUX MHOTOWIEHIB Ta ciiniB MaTpuip. Hexai
S_1,S_2,S_3, S_4 3agaHa CKiHU€HHa MHOXMHA I1ap N-Ha-Nl KOMIUJIEKCHUX MaTpullp. HaBeneHni ajJropuTmM, 1o
BM3HayYa€ 3a CKiHUEHHY KiJIbKiCTb 004MCIIEHD, YU iCHY€e OfHA yHiTapHa MaTtpulg U Taka, o MaTpuLli KOKHOI [1apu 3
S_1yniTapHo noai6Hi 3a moriomorom U, 3 S_2 yHiITApHO KOHI'PYeHTHi 3a fonomoroio U, 3 S_3 yHiTapHO noni6Hi 3a
nonomoroto U o, Ta 3 S_4 yHiITapHO KOHIPYeHTHi 3a fonomoroto U 0. Hexail (A,B) — napa kococuMeTpuyHUX MaTpUllb
HaJ, [10JIEM XapaKTEePUCTUKY, BilMiHHOI Bif, 2. fi peryssLiiiHui po3kiag, — 1e npsiMa cyma (0A,0B)o(A_1,B_1)ooooo(A_t,B_t)
110 KOHT'PYEHTHa (A, B), B siKiil (0A,0B) - napa HeBUpOKeHUK MaTpulb Ta (A_1,B_1)oooon(A_t,B_t ) — BUpomxeHi
HEpO3KJIaiHiI KAHOHI{YHI ITapy KOCOCUMETPUYHMX MATPULb BiTHOCHO KOHTPYeHTHOCTI. HamaHo anroputm, mo 6yznye
peryssuiiHmui po3kiaz,. Takox HalaHO KOHCTPYKTHBHE JIOBEJ€HHs KaHOHIYHOI (popmu (A,B) BitHOCHO

KOHT'PYEHTHOCTI HaJl anre6paiyHO 3aMKHEHUM I10JIeM XapaKTE€PUCTUKY, BiIMiHHOI Bif 2.

2. Several aspects of the classification problem in linear algebra are considered: classification of pairs of mutually
annihilating operators, classification of matrices that are self-congruent only via matrices of determinant one,
criterion of unitary similarity for upper triangular matrices in general position and normal matrices, simultaneous
unitary equivalences, and reduction of a pair of skew-symmetric matrices to its canonical form under congruence.
Pairs (A,B) of mutually annihilating operators AB = BA = 0 on a finite dimensional vector space over an algebraically
closed field were classified by I.Gelfand and V.Ponomarev by method of linear relations. The classification of (A,B)
over any field was derived by L.Nazarova, A.Roiter, V.Sergeichuk, and V.Bondarenko from the classification of
finitely generated modules over a dyad of two local Dedekind rings. It is given canonical matrices of (A,B) over any
field in an explicit form and our proof is constructive: the matrices of (A,B) are sequentially reduced to their
canonical form by similarity transformations (A, B) o (S™(-1)AS,S™(-1)BS). D.Docovi'c and F. Szechtman considered a
vector space V endowed with a bilinear form. They proved that all isometries of V over a field F of characteristic
not 2 have determinant 1if and only if V has no orthogonal summands of odd dimension (the case of characteristic
2 was also considered). Their proof is based on Riehm’s classification of bilinear forms. E. Coakley, F. Dopico, and R.
Johnson gave another proof of this criterion over R and C using Thompson’s canonical pairs of symmetric and
skew-symmetric matrices for congruence. Let M be the matrix of the bilinear form on V. It is given another proof
of this criterion over F using our canonical matrices for congruence and obtain necessary and sufficient conditions
involving canonical forms of M for congruence, of (M™T, M) for equivalence, and of M™(-T) M (if M is nonsingular)
for similarity. Each square complex matrix is unitarily similar to an upper triangular matrix with diagonal entries in
any prescribed order. Let A=[a_ij] and B=[b_ij] be upper triangular n x n matrices that ¢ are not similar to direct
sums of matrices of smaller sizes, or ¢ are in general position and have the same main diagonal. It is proved that A
and B are unitarily similar if and only if oh(A_k)o = oh(B_k)o for all h o C[x] and k = 1,...,n, where A_ko=[a_ij]_(i,j=1)"k and
B_ko=[b_ij]_(i,j=1)"k are the leading principal kxk submatrices of A and B, and o o o is the Frobenius norm. It is given
several criteria of unitary similarity of a normal matrix A and any matrix B in terms of the Frobenius and spectral



norms, characteristic polynomi- als, and traces of matrices. Let S_1, S_2, S_3, S_4 be given finite sets of pairs of

n-by-n complex matrices. It is described an algorithm to determine, with finitely many computations, whether

there is a single unitary matrix U such that each pair of matrices in S_1 is unitarily similar via U, each pair of

matrices in S_2 is unitarily congruent via U, each pair of matrices in S_3 is unitarily similar via U o, and each pair of
matrices in S_4 is unitarily congruent via U . Let (A, B) be a pair of skew-symmetric matrices over a field of
characteristic not 2. Its regularization decomposition is a direct sum (ooA, ooB)o(A_1,B_1)ooooo(A_t,B_t) that is congruent
(A, B), in which (ooA, ooB) is a pair of nonsingular matrices and (A_1,B_1)ooooo(A_t,B_t ) are singular indecomposable
canonical pairs of skew- symmetric matrices under congruence. It is given an algorithm that constructs a

regularization decomposition. We also give a constructive proof of the known canonical form of (A,B) under

congruence over an algebraically closed field of characteristic not 2.
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