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Pedepar:

1. IIto po60TYy IPUCBSYEHO AOCIIIKEHHIO iCHYIOUMX Ta PO3PO01i HOBMX hp-afanTuBHUX CXeM METONY CKiHYeHHUX
esnemeHTiB (MCE) 1151 cuHrysisspHO 30ypeHuX KpanoBux 3aaa4 nudysii-koHsekujii-peakiii. KirouoBoo 0co611BicTIO
aJaNTUBHUX CXEM LIbOTO TUITy € BUKOPMCTAHHS [OJIIHOMIiaJIbHUX allpOKCUMalill JOBiIbHUX NOPSIKiB HA CKIHYEHHHUX
eJIEMeHTax NOPsT, i3 3ryIIeHHSIM BY3JiB CiTku. [IopiBHSHO i3 kK1acMYHMMU h-alanTUBHUMU CX€MaMU, TaKUH Iiaxiz,
Ila€ 3MOry OyayBaTu CKiHueHHOBUMIpHi npoctopu MCE 3 Kpamumu anpoKCUMaliiHMMU BJIACTUBOCTSIMMU. Y npalii
PO3p06JIEHO HOBY CXEMY aJJalITyBaHHsI, B OCHOBI SIKOI JIEXKATh TIOPiBHSIHHSI HOPM Pi3HUX HAOJVDKEHD J10 IOXUOKM Ha
KO’KHOMY CKiHY€HHOMY €JIEMEHTI. ba3yrounch Ha TaKOMY IOPIBHSHHI, BUAITIEHO KPUTEPIi, IKUH A€ 3MOTY
3IiAICHUTY 11epelOy 0By CiTKU CKiIHYeHHUX eJIEMEHTIB [JIs HACTYIHOI iTepalii anroputmy. I1inxin o6rpyHTOBaHO 1151
OJJHOBUMIPHUMX CUMETPUYHMX 3a7a4. Pe3ysibTaTy UnCI0BUX €KCIIEPUMEHTIB 3aCBiAUNIIY, 110 OOy 0BaHa CTpaTerist
TaKOX MOKe O6yTH 3aCTOCOBaHA JO HECUMETPUYHUX 3371a4. Y BCTYIIHIN YaCTHHI poOOTH IPOaHai30BaHO
aKTyaJIbHICTb TEMU AOCIiIKeHHS, C(POPMYJILOBAHO METY Ta MOJAHO IIEPEJIiK OCHOBHUX ITOCTABJIEHUX 3aBJIaHb,

BHCBITJIEHO HAyKOBY HOBM3HY Ta IIPAaKTH4YHE 3HAYEHHs pe3ysbTaTiB po60TU. Y MepuioMy po3ziji po3risHyTo



(dyHOaMeHTasnbHi (i3VyHi CHiBBiIHOMIEHHS, M0 ONUCYIOTh NpoLecy Tudysii, KOHBEKLi Ta peaklii y CylibHOMY
cepenosuuli. Ha ix ocHOBI chopmysiboBaHO Mofiesb Audy3ii-KOHBeKLii-peakliii, y BUTsifi KpailoBoi 3a7adi.
[TpoaHasnizoBaHO apceHas HasiBHUX YMCJIOBUX Ta aHAJIITUYHUX METO/IiB PO3B'sI3yBaHHs Ofl€P>KaHOoi KpalioBoi 3a1ayi.
[To6GymoBaHoO BiANOBigHY BapialiiiHy 3aga4dy Ta JOBEIEHO TEOPEMY IIPO il KOPEKTHICTb. BUOKpEMIIEHO Kj1ac
CHHTYJISIPHO 30ypeHMX 33724,  SKMX KOHBEKTUBHA Ta PEAKTUBHA CKJIA/IOBi 3HAYHO [TepeBaKaloTh HaZ, NUQy3iiiHO0
CKJIaJIOBOIO IIpoliecy NepeHeceHHs gomilku. [Togano knacudikalio aaropuTmis afantysaHHs. Po3risHyTo 4 Tunu
cxeM: h-, r-, p-, hp-aganrtusHi. JleTasbHO TPOBEEHO OTJIsLT, Ta MOPiBHSIHHS BitoMuxX hp-aganTuBHUX aJrOPUTMIB.
Jpyruit po3zin NpUCBsiYeHO NO6YI0BI allOCTEPIOPHUX OLiHIOBAYiB MOXMUOOK /17151 allPOKCUMALill TOBiIbHUX
nopsakiB. CKOHCTPYHOBAHO CIielia/lbHUI SIBHUM OLiHIOBAaY, 1110 6e3[10cepelHb0 BPAXOBYE IMOPSIOK allpOKCHUMALlii
Ha CKiHYeHHOMY eJieMeHTi. JloBeJileHO iioro e(peKTUBHICTb Ta HaZilHiCTb. [I06yi0BaHO BapialliliHy 3aa4y PO
noxu6Ky. bazylo4nch Ha Hiil, OTPUMAHO HESIBHUI OLiHIOBAY Ha OCHOBI (PyHIAMEeHTaIbHUX PO3B'sI3KiB. J107jaTKOBO,
CKOHCTPY#OBaHO IIie [Ba HesBHi ouiHoBayi Jlipixiie, mo JaloTh 3MOTy OL[iHUTY IMOXUOKY IIPU MO CKiHYEHHOTO
eJleMeHTa HaBIIiJ, a6o 1py 36isblIeHH] foro nopsaky. JocaimkeHo nuTaHHs eeKTUBHOIO OOYMCIIeHHS OLliHIoBavya
Ha OCHOBI KOHTPOJILHOTO PO3B'sI3Ky Ta JOBELEHO TEOPEMY IIPO HOr0 [10€IEMEHTHY AEKOMIIO3ULLi0. Y TPETbOMY
po31ini po3po6seHo HOBY cTpareriio hp-ajanTtyBaHHSI HA OCHOBI IIOPiBHSIHb HOPM Pi3HUX HAOJIMKEHb [0 MOXUOKHU.
[TobymoBaHy cxeMy TEOPETUYHO OOI'PYHTOBAHO [1JI1 CUMETPUYHUX 334a4. PO3IJISIHYTO YHIBepCalbHUI aJITOPUTM Ha
OCHOBi KOHTPOJIBHOT'O PO3B’5I3KY Ta acleKTu Horo epeKTUBHOI peasnizauii. /17151 06uncIeHHs] KOMIIOHEHT I7100a/1bHOI
CHACTEMHU JIiHIMHYX PiBHSHb METOJly CKIHYEHHUX €JIEMEHTIB BUKOPUCTAHO KBaipaTypHi popmyiu ['aycca BUCOKUX
nopsaKiB. [1y1s1 mo6ymoBy OCTaHHIX 3alIPOIIOHOBAHO KOMOiIHYBaHHS anroputmy lonyba-Yesnma Ta QL-anropurmy 3
BUOOPOM 3CYBIB 3a YinKiHCOHOM. [I7151 pO3B'sI3yBaHHs CUCTEMU PiBHSHb, B 000X aJITOPUTMax hp-anantyBaHHs
3aIIPOIIOHOBAHO Ta OOIPYHTOBAHO BUKOPUCTAaHHS METOJly CTATUYHOI KOHAEHCALlii BHYTPIllIHIX TapaMeTpiB. ¥
4EeTBEPTOMY PO3Jijii MiCTUTBCS ONKC PO3POO6IEHNX MPOrPaMHMX 3aC006iB, 10 peasi3yloTs N06YA0BaHi aJIrOPUTMH, a
TaKOX [1I0JAaHO Pe3yJIbTaTy OOYMCIIIOBAJIbHUX €KCIIEPUMEHTIB Ta iX aHasi3 JJj1s1 CUHTYJISIPHO 30yPeHUX KpaioBUX
3aau audysii-koHsekuii-peakuii. 3nificHeHO MOPIBHAIBLHUI aHai3 po3p0O0JIEHOr0 aJITOPUTMY afaliTyBaHHS Ta
JITOPUTMY Ha OCHOBI KOHTPOJIBHOTO PO3B'SI3KY, @ TAKOK pPO3PO0JIEHOrO aJITOPUTMY i3 TUIIOBOIO h-aianTUBHOIO
cxeMolo0. HaBeieHo MOpiBHAHHSA Pi3HUX OLiHIOBAYiB Ta KPUTEPIiB afanTyBaHHs. Pe3yibTaT YMCI0BUX
€KCIIEpPMMEHTIB MiATBePAXYI0Th e(PeKTHUBHICTb N0OYI0BaHUX cxeM. Cepel, ofepKaHuX B fUCepTalii pe3ysbTartis i
METO/iB BapTO BifI3HAYUTH TaKi: 1. IporpaMHa imMIIJIEMEHTAlLlisl Ta TEOPETUYHUI aHaJII3 aJalITUBHOTO aJITOPUTMY Ha
OCHOBi KOHTPOJIBHOTO PO3B’SI3KY; 2. IOBEIeHHSI MOKJIMBOCTI IOEJIMEHTHOI JeKOMITO3ULIii OIliHI0OBaya Ha OCHOBI
KOHTPOJIBHOTO PO3B’S13KY; 3. HIOGYZ0BA SIBHOTO Ta HESIBHUX allOCTEPiOPHUX OLiHIOBAYiB IIOXUOOK [1JIs allPOKCHUMAILiil
IOBIIbHUX NOPSIIKIB; 4. N06YHOBa cTparerii hp-ajantyBaHHs Ha OCHOBI IOPiBHSHHS HOPM Pi3HUX HAOIMKEHb JO
IIOXMOKY; 5. IPOBEJIEHHS Ta aHAJIi3 004N CII0BAIbBHUX €KCIIEPUMEHTIB i3 3aCTOCYBaHHS IOOYIOBAHUX aJITOPUTMIB

MCE 1o cuHryssipHO 30ypeHHX 3aa4.

2. This work is devoted to the study of existing and development of new hp-adaptive finite element schemes for
singularly perturbed diffusion-convection-reaction boundary-value problems. A key feature of adaptive schemes
of this type is the use of polynomial approximations of arbitrary orders on finite elements along with the spatial
refinement of the finite element mesh. Compared to the classical h-adaptive schemes, this approach allows us to
construct finite-dimensional finite element spaces with better approximation properties. In this work, a new
adaptation scheme was developed, which is based on the comparison of the norms of various approximations to
the error on each finite element. Based on this comparison, a criteria has been constructed, which provide proper
refinement of finite element mesh for the next iteration of the algorithm. The approach is proved for one-
dimensional symmetric problems. The results of numerical experiments have shown that the constructed strategy
can also be applied to nonsymmetric problems. In the introductory part of the paper, the relevance of the research
topic is described, the purpose and list of the main tasks are formulated, the scientific novelty and the practical
significance of the results of the work are highlighted. In the first section we consider fundamental physical
relations, describing the processes of diffusion, convection and reaction in a continuous medium. On their basis, a
diffusion-convection-reaction model is formulated in the form of a boundary-value problem. A set of available
numerical and analytical methods for solving the obtained boundary value problem is analyzed. An appropriate



variational problem is constructed and the theorem on its well-posedness is proved. A class of singularly perturbed
problems is described, in the sense, when the convective and reactive components considerably dominate the
diffusion component. The classification of adaptation algorithms is described. Considered 4 types of schemes: h-,
r-, p-, hp-adaptive. A detailed review and comparison of known hp-adaptive algorithms has been provided. The
second section is devoted to the construction of a posteriori error estimators for approximations of arbitrary
orders. A special explicit estimator has been constructed, which directly takes into account the order of
approximation on the finite element. Its efficiency and reliability are proved. The variational problem of error is
constructed. On its basis an implicit estimator was obtained, based on fundamental solutions. Additionally, two
more implicit Dirichlet estimators have been constructed, which allow us to estimate an error in the case of finite
element bisection or increasing of its order. The problem of effective calculation of the estimator, based on the
reference solution solution is investigated and the theorem on its elementwise decomposition is proved. In the
third section a new hp-adaptative finite element scheme is developed, which is based on comparisons of the
different error approximations. The constructed scheme is theoretically substantiated for symmetric problems.
The universal algorithm, based on the reference solution and its effective implementation is considered. Gaussian
quadrature formulas of high orders are used to calculate the component of the global system of linear equations of
the finite element method. To construct the latter, it is proposed to combine the Golub-Welsh algorithm and the
QL-algorithm with Wilkinson's shifts. To solve the system of linear equations in both hp-adaptation algorithms, the
use of the method of static condensation of internal parameters has been proposed and proved. The fourth section
contains a description of the developed software, implementing the algorithms, as well as the results of
computational experiments and their analysis for singularly perturbed diffusion-convection-reaction boundary-
value problems. The comparative analysis of the developed adaptation algorithm and algorithm, based on the
reference solution, as well as the developed algorithm with a typical h-adaptive scheme is considered. The
comparison of different estimators and adaptation criteria is given. The results of numerical experiments confirm
the efficiency of the constructed schemes. Among the results and methods obtained in the thesis, the following
should be noted: 1. program implementation and theoretical analysis of an adaptive algorithm based on the
reference solution; 2. proof of elementwise decomposition of the estimator based on reference solution; 3.
construction of explicit and implicit a posteriori error estimators for high-order approximations; 4. construction of
the hp-adaptation strategy based on the comparison of the norms of different approximations to local errors; 5.
conducting and analysis of numerical experiments of application of constructed algorithms to singularly perturbed
problems.
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